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Public transportation optimization

● Strategic planning 
○ Network design  
○ Line network planning
○ …  

● Operational planning
○ Vehicle scheduling
○ Duty scheduling
○ …

   This talk considers only the most used public transport mode:
   Buses
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Vehicle Scheduling 
Optimization
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Single-depot vehicle scheduling problem:
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Single-depot vehicle scheduling problem:
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Single-depot vehicle scheduling problem (graph view):

D    D

Time
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Trip

Deadhead

11:05
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Single-depot vehicle scheduling problem (vehicle schedule):

D    D

Time

10:00 12:45

Vehicle 1

Vehicle 2

Vehicle 3

11:05
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Single-depot vehicle scheduling problem (graph version):

Polynomial-time solvable (minimum cost flow problem)
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Multi-depot vehicle scheduling problem (graph view):

    

Time

10:00 12:45

Trip

Deadhead fleet 1

        

Deadhead fleet 2
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The multi-depot vehicle scheduling problem is NP-hard already for two depots 
(Bertossi et. al., 1987).

How to solve it? 

Observations: 
● Usually far more variables than constraints, few variables needed -> column 

generation?
● Minimum cost flow subproblems (polynomially solvable)

Multi-depot vehicle scheduling problem
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LP relaxation can already be very hard. 

Simple idea (static column generation/sifting):

Let A be the set of all columns.

1. Start with subset A’ of A, corresponding to primal feasible LP/IP solution (e.g. from 
heuristic)

2. Solve LP for A’ 
3. Compute reduced costs for remaining columns. Converged? -> stop
4. Add some columns with negative reduced cost to A’ , go to 2. 

Problem: Converges very slowly due to missing path information.

Lets review an idea due to Löbel (1997):
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The algorithm doesn’t work out of the box on our vehicle scheduling problems. But 
with additional tricks and techniques it works well for very large cases.

Advantages: 

● Can be relatively well adapted to more complex models and model changes.
● Works even for very large problems.
● Provides LP solution with fewer fractional variables compared for example to 

commercial barrier solvers. 
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Duty Scheduling 
Optimization
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Vehicle Scheduling

Duty Scheduling

Rostering

Scheduling vehicles is not enough…

Assign drivers to the vehicles}
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● All vehicle blocks need to be covered by duties, which follow various rules 
(minimum break time, maximum total duty time, etc.).

● Single trips may be covered by multiple duties.

11:10 12:30

Add relief times, where a driver change can happen:

11:10 12:3011:30 12:00
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Duty scheduling (vehicle schedule):

D    D

Time

Vehicle 1

Vehicle 2
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Duty scheduling (duty graph with extra relief points):

s    t

Time

Each duty is an s-t path, but not all s-t paths are duties!
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The number of duties can be huge. Duty scheduling is typically solved by some form 
of column generation:

● With dynamic generation of the columns as part of the pricing
● With pre-generated columns 
● ….

Duty scheduling optimization
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Combining Duty and 
Vehicle Scheduling
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Classic approach: Compute vehicle schedule first, duty schedule second…

● …in general not globally optimal
● …might even be infeasible

Better to optimize both together.

Very hard problem and beyond the time frame of this talk. 
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Optimization at 
Optibus
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Optibus

● Is a SaaS company founded in 2014.
● Provides a cloud platform to solve various public transit 

problems.
● Optimization is a central component.
● Thousands of optimization problem instances are solved each 

month.
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Solution (schedule) is shown, 
complemented by statistics and graphics 

Optimization customer view

Customer can input model 
parameters interactively in the cloud

Algorithms run in the background 
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Optimization behind the scenes
From user to engine and back

Application : Vehicle and crew scheduling, 
time-table optimization, etc.

Modelling Layer (Python) : Mathematical 
programming formulations.

Engine (C++) : Specialized mixed-integer 
programming solver.
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Optimization challenges:

● Models are far more complex than shown here.

● Models can be huge, e.g. vehicle problems with tens of millions of variables.

● The integration of electric vehicles adds another layer of complexity.

● …
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Thank you
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