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Public transportation optimization

e Strategic planning
o Network design
o Line network planning
©)

e Operational planning
o Vehicle scheduling
o Duty scheduling
o ..

This talk considers only the most used public transport mode:
Buses
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Single-depot vehicle scheduling problem:

Given:

Trips S = {51,952 ...,5.}.
For each trip .5;:

e t;: departure time
e a;: arrival time
e 0;: origin (departure terminal)

e d;: destination (arrival terminal)

Deadhead trips (trips without passengers) of
duration h;; between each pair of terminals.

Sz‘ tz' a; 0; d.i
Sy | 10:00 | 11:00 | T, | Tp
So | 10:20 | 11:10 | T, | Ty
Sa: | 11:45: | 12:30 | T | T
Sa | 11:06 | 12:45 | T, | T
h‘ij Ta Tb TC Td
Te | 0 [ 30 | 20 | 25
T, [ 30 | 0 | 20 | 10
T. 120]20| 0 | 15
Tg [ 25 |10 | 15| O

An ordered pair of trips (5;,5;) is compatible if a; + h;; < t;.

optibus
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Single-depot vehicle scheduling problem:

Definition

A set B C S of trips is called a vehicle block if the elements of B can
be written as a sequence Si,Ss,...Sk such that each pair (5;, S;11) is
compatible.

Definition

A set {B;,Bsy...,By} of vehicle blocks is called a vehicle schedule if
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Single-depot vehicle scheduling problem (graph view):

— Trip

Deadhead

A
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Single-depot vehicle scheduling problem (vehicle schedule):

Vehicle 1

Vehicle 2

Vehicle 3

10:00 11:05 12:45

Time
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Single-depot vehicle scheduling problem (graph version): optibus

Definition

Let D = (V, A) be a directed, acyclic graph with V' = T U {s,t} and
NT(s)=N—(t)=T. Let c€ R‘g() be arc weights.

The single-depot vehicle scheduling problem is:

min clax
st. z(6~ () = z(6T() VteT
(6 (t)) = 1 Vie T

z(a) € {0,1} Va € A.

Polynomial-time solvable (minimum cost flow problem)
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Multi-depot vehicle scheduling problem (graph view):

— Trip

— Deadhead fleet1

—— Deadhead fleet 2

10:00 12:45

Time
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Definition

e Let F be the non-empty set called fleets. Let x € NF', called fleet
capacities.

e Let D = (V,A) be a directed, acyclic multi-graph with V =
T U {s¢,tf : f € F} and 6 (s5) = 07(t5) = 0. Further, let
A =UscpAy, such that 67 (sf),07(ty) C Ay for each f € F.

o Let c € RZ, be arc weights.

The multi-depot vehicle scheduling problem is:

min ¢z

s.t. x(d; (1) = :1:((5?(t)) Vte T,Vf e F
z(oT(t)) = 1 VteT
x( Kf VfeF

=)
S +
e
n
~n
p—
p—
m A

{0,1} Va € A.

optibus
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Multi-depot vehicle scheduling problem optibus

The multi-depot vehicle scheduling problem is NP-hard already for two depots
(Bertossi et. al., 1987).

How to solve it?

Observations:

e Usually far more variables than constraints, few variables needed -> column
generation?
e Minimum cost flow subproblems (polynomially solvable)
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LP relaxation can already be very hard.

Simple idea (static column generation/sifting):

Let A be the set of all columns.

1. Start with subset A’ of A, corresponding to primal feasible LP/IP solution (e.g. from
heuristic)

2. Solve LP for A’

3. Compute reduced costs for remaining columns. Converged? -> stop

4. Add some columns with negative reduced cost to A", go to 2.

Problem: Converges very slowly due to missing path information.

Lets review an idea due to Lobel (1997):
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Definition

Define Lagrangean problem max, LR, (m) of multi-depot vehicle schedul-

ing problem, with

LRi(7) :=min Tz — Zm:z;(é_(t)) |
teT

s.t. x(0; () = :L‘((S}L(t)) Vte T,Vf eF
(07 (s;)) < Ky VfEF
z(a) e [0,1] Va € A.

Observations:

e LRy(m) decomposes into |F| independent single-depot problems.

e By strong duality, optimal dual solution (7, i) to original LP pro-
vides optimal solution 7 to Lagrangean.

optibus
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Definition

Define Lagrangean problem max,, L Rs () of multi-depot vehicle schedul-
ing problem, with

LR>(pt) := min clx— Z /.1,,5(:1;((5;(15)) — :1:((5?(15)))
tET, fEF

s.t. x(d(t)) = VteT
(67 (t)) = NEeT
(07 (s5)) < Kf VfeF
z(a) e [0,1] Va € A.
Remarks:
e We added the (originally redundant) constraints z(67(t)) = 1.

e Minimum cost flow problem.

optibus
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Algorithm 1:

Input: Multi-depot vehicle scheduling instance with columns A

Result: LP solution

Start with set of columns A’ C A that contains a primal feasible LP
solution;

repeat

Solve LP for A’, LP duals: (7, u, p);

if reduced costs indicate convergence then

return current LP solution;

else

Add some columns with negative reduced costs from A\ A" to A’;

Solve LRy (7) and add part of primal (LP) solution to A’;

Solve LRs () and add part of primal (LP) solution to A’;

end
until;
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The algorithm doesn’t work out of the box on our vehicle scheduling problems. But
with additional tricks and techniques it works well for very large cases.

Advantages:

e Can be relatively well adapted to more complex models and model changes.

Works even for very large problems.

e Provides LP solution with fewer fractional variables compared for example to
commercial barrier solvers.
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Duty Scheduling '

Optimization
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Scheduling vehicles is not enough...

} Assign drivers to the venhicles
[ Rostering }

www.Optibus.com
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e All vehicle blocks need to be covered by duties, which follow various rules
(minimum break time, maximum total duty time, etc.).
e Single trips may be covered by multiple duties.

Add relief times, where a driver change can happen:

o O 0 ¢

www.Optibus.com
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optibus
Duty scheduling (vehicle schedule):

Vehicle 1

Vehicle 2

Time

www.Optibus.com
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optibus
Duty scheduling (duty graph with extra relief points):

=

Each duty is an s-t path, but not all s-t paths are duties!

Time

www.Optibus.com
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Definition

e Let D be the set of duties.

Let Vpgp be the set of mandatory tasks.

Let A € {0,1}Ypsp XD he the task-duty incidence matrix.

Let R be a matrix for additional constraints.

Let c € Rg() be the duty costs.

The duty scheduling problem (Weider '07) is:

Ty 1= '}"Tz,

1

min ¢

g1 A:
Rx —
x(d

o0 &3
IA

~
i e

0,1} Vde D

0
vV m
-
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. C. otibus
Duty scheduling optimization optibus

The number of duties can be huge. Duty scheduling is typically solved by some form
of column generation:

e With dynamic generation of the columns as part of the pricing
e With pre-generated columns
]
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Combining Duty and

Vehicle Scheduling
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Classic approach: Compute vehicle schedule first, duty schedule second..

e ..in general not globally optimal
e ..Might even be infeasible

Better to optimize both together.

Very hard problem and beyond the time frame of this talk.
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Optimization at
Optibus
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Optibus

e Is a SaaS company founded in 2014.

e Provides a cloud platform to solve various public transit
problems.

e Optimization is a central component.

e Thousands of optimization problem instances are solved each
month.
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Optimization customer view

Customer can input model
parameters interactively in the cloud

Algorithms run in the background
L za3a L za3a | zas QL zas ] EEZTED TN G
EEDED G T GEZTE DD G2 T G2
EEEED G2 TS GEZTER [ zaaa g zasa ] z4s4 Q244 ]
T GEZTEE
EETED GETHE T GETTER EEEED G EETTED GETTER
EEZTED G D G EETTED GETTEN

Solution (schedule) is shown,
complemented by statistics and graphics

EEZEED GEZ7EN | za3a L zaa | zae L zasa ] zax L zas |
| zaa Lz ] Lz L zas | zaa Lz | zax L zas ]
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Optimization behind the scenes
From user to engine and back

Application : Vehicle and crew scheduling,
time-table optimization, etc.

4

Modelling Layer (Python) : Mathematical a
programming formulations. python

Engine (C++) : Specialized mixed-integer
programming solver.
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Optimization challenges:

e Models are far more complex than shown here.
e Models can be huge, e.g. vehicle problems with tens of millions of variables.
e The integration of electric vehicles adds another layer of complexity.
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Thank you
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