
© 2019 Fair Isaac Corporation. Confidential. This presentation is provided for the recipient 
only and cannot be reproduced or shared without Fair Isaac Corporation’s express consent. 1

© 2019 Fair Isaac Corporation. Confidential. 

This presentation is provided for the recipient only and cannot be reproduced or shared without Fair Isaac Corporation’s express consent.

Timo Berthold



© 2019 Fair Isaac Corporation. Confidential. This presentation is provided for the recipient 
only and cannot be reproduced or shared without Fair Isaac Corporation’s express consent. 2

© 2019 Fair Isaac Corporation. Confidential. This presentation is provided for the recipient 
only and cannot be reproduced or shared without Fair Isaac Corporation’s express consent. 2

• Simplex algorithm

• Ellipsoid method, Barrier 

• Gomory cuts

• Branch&Bound
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• Start at a random vertex

• Among neighboring vertices, choose one which improves 
the objective, if none: optimal 

• Special case: A ray along which the objective improves

• Then, the LP is unbounded

• move along edges towards an optimal vertex
Animation: https://www.youtube.com/watch?v=54blxYi5JF8

• Why does this work?

1. Show that objective function is optimized at the boundary of the
polyhedron (convexity)

2. Narrow down further that it is optimized in a vertex (linearity)

3. Local optimality is global optimality (convexity)

image source: WIkipedia

https://www.youtube.com/watch?v=54blxYi5JF8
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• LPs max {𝑐𝑇𝑥 | 𝐴𝑥 = 𝑏, 𝑥 ≥ 0} are called LPs in standard form

• Add slack variables

• Nonempty LPs in standard form always have vertices

• Intersection of a simplicial cone and an affine subspace

• Further, simplex algo assumes rank(A)=m<n, {𝑥 | 𝐴𝑥 = 𝑏} nonempty
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• LP optimal ⇔ there is an optimal vertex solution ⇔ there is an optimal basic solution

• LP is a discrete optimization task, 
𝑛
𝑚

possible bases

• Idea: Find some feasible basis, exchange one of the columns in the basis („pivoting“), s.t. 
feasibility is maintained, objective is improved

• 𝑥𝑖 = ത𝑏𝑖 − ҧ𝐴𝑖𝑥𝑁 with nonzero element ҧ𝐴𝑖𝑗 , solve for 𝑥𝑗. Multiply by identity matrix E with jth 

column: 
−1

ҧ𝐴𝑖𝑗
ҧ𝐴𝑗 and (i,j)-th element 

1

ҧ𝐴𝑖𝑗
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• Choose j among all columns for which ҧ𝑐 = 𝑐𝑁 − 𝑐𝐵𝐴𝐵
−1𝐴𝑁 is positive

• Reduced costs, in this direction we can improve

• If no such j: Done, optimal

• Then, among all i with ҧ𝐴𝑖𝑗 > 0 have to choose one with minimal positive 
ത𝑏𝑖
ҧ𝐴𝑖𝑗

to stay feasible 

• If no such ҧ𝐴𝑗 ≤ 0 : Done, LP is unbounded

• Main choice: entering nonbasic column. 
ത𝑏𝑖
ҧ𝐴𝑖𝑗

„bottleneck“ by how much it can be increased 

x

y

z
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1. Check optimality: ҧ𝑐 ≤ 0?

2. Choose pivot column with ҧ𝑐𝑗 > 0

3. Check unboundedness: ҧ𝐴𝑗 ≤ 0?

4. Pick pivot row with minimal 
ത𝑏𝑖
ҧ𝐴𝑖𝑗

5. Pivoting: Exchange i,j in N and B, multiply 𝐴𝐵
−1 by eta matrix

6. Update all data structures ( ҧ𝐴, ത𝑏, ҧ𝑐) 
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• If all vertices non-degenerate, simplex algorithm finds solution in finite time

• Each step new, strictly improving basis

• Issue: Cycling (resolve by lexicographic rules or by slight pertubation)

• Initial feasible solution found by auxiliary LP (phase I), which itself has a trivial initial feasible 
solution

• 𝐴 𝐼
𝑥
𝑦 = 𝑏 has trivial solution 𝑥 = 0, 𝑦 = 𝑏, now minimize 𝛴𝑦

• Phase I LP is bounded, rank(A)=m<n

• Final step: Pivot all auxiliary columns out of the basis
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• Dual solution can be computed from primal and vice versa

• Hence, we can solve the dual problem instead

• Primal simplex on dual LP

• Meaning: Instead of staying feasible and getting more optimal, we stay „optimal“ and get 
more feasible

• Approach optimum via infeasible basic solutions
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• Change the objective

• Basis stays feasible, simplex can get warm-started

• Add a column

• Basis stays feasible (add to nonbasis), warm-start

• Add a row

• Basis stays dual feasible (add slack to basis), warm-start dual simplex

• Change right hand side / variable bound

• Stays dual feasible, warm-start dual simplex
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• Idea: From coefficients in A and b, we can determine largest possible solution value for x 
and minimum size of polyhedron

• Find large ball, which must contain a feasible solution, if one exist

• Check whether center point is feasible

• Cut ball/ellipsoid in (less than) half, determine smallest ellipsoid 
that contains half ellipsoid

• Repeat until ellipsoid is so small that polytope must be contained 
in ellipsoid (or is empty)

• Good online lecture:
https://www.coursera.org/lecture/advanced-algorithms-and-
complexity/optional-the-ellipsoid-algorithm-N9rzA

image source: WIkipedia

https://www.coursera.org/lecture/advanced-algorithms-and-complexity/optional-the-ellipsoid-algorithm-N9rzA
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• Instead of min {𝑐𝑇𝑥 | 𝐴𝑥 = 𝑏, 𝑥 ≥ 0} solve min {𝑐𝑇𝑥 - 𝜇 σ ln 𝑥𝑖 | 𝐴𝑥 = 𝑏, 𝑥 ≥ 0} 

• Strictly convex problem, has a single unique solution (when original problem feasible)

• For small x, -ln x becomes large, hence solution is an interior point

• Converges to optimum of original LP when 𝜇 → 0

• Integrate primal and dual LP into the following nonlinear(!) equation system: 

• 𝐴𝑥 = 𝑏 primal

• 𝑦𝐴 + 𝑠 = 𝑐 dual

• 𝑥𝑠 = 𝜇 complementary slackness

• 𝑥, 𝑠 ≥ 0

• This can be solved by a Newton method
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• Barrier solutions are not basic

• Typically only few columns at their bound

• Can neither be used for simplex warmstart, nor for Gomory cuts

• Numerically slightly off

• Crossover: Creates a basic vertex solution from a nonbasic interior point solution

• Algorithm similar to simplex

• Guesses initial basis (crash) and nonbasis (note: some columns might be at their bounds), 
maintains set of superbasic columns (not at their bound and not basic) and tries to push 
those to zero or to push a basic column to zero and a superbasic into the basis

• Primal and dual crossover 

• Polynomial-time algorithm
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• Solve min {- 𝜇 σ ln 𝑥𝑖 | 𝐴𝑥 = 𝑏, 𝑥 ≥ 0} 

• barrier system without original objective

• This computes the analytic center of the polytope

• Point that maximizes distance to the boundary

𝑐

• Several MIP applications make use of analytic center:

• In standalone primal heuristics:

─ Recursive central rounding (Naoum-Sawaya 2013)

─ Use AC in Feasibility Pump (Baena and Castro 2011, Boland et al 2011)

─ Metaheuristic based on interior point solutions (Plateau et al 2001)

• In mixed-integer convex optimization:

─ Analytic center cutting plane method (Gondzio, du Merle et al 1996)

─ Also for MIP applications (Ferris et al 2001, Fischetti, Salvagnin 2010)

─ Branching, presolving (Berthold et al 2018)
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• An LP (in standard from) with 20 constraints over 100 variables

a) will have at most 20 nonzeros in an optimal basic solution

b) might have more than 20, but at most 80 nonzeros in an optimal basic solution

c) might have more than 80, but at most 100 nonzeros in an optimal basic solution

• We can warm start the Primal Simplex algorithm after

a) adding a row

b) changing a variable bound

c) changing the objective

• The Barrier algorithm converges to

a) a vertex solution

b) a point in the center of the optimal face 

c) a point outside the polyhedron



© 2019 Fair Isaac Corporation. Confidential. This presentation is provided for the recipient 
only and cannot be reproduced or shared without Fair Isaac Corporation’s express consent. 21

• An LP (in standard from) with 20 constraints over 100 variables

a) will have at most 20 nonzeros in an optimal basic solution

b) might have more than 20, but at most 80 nonzeros in an optimal basic solution

c) might have more than 80, but at most 100 nonzeros in an optimal basic solution

• We can warm start the Primal Simplex algorithm after

a) adding a row

b) changing a variable bound

c) changing the objective

• The Barrier algorithm converges to

a) a vertex solution

b) a point in the center of the optimal face 

c) a point outside the polyhedron



© 2019 Fair Isaac Corporation. Confidential. This presentation is provided for the recipient 
only and cannot be reproduced or shared without Fair Isaac Corporation’s express consent. 22



© 2019 Fair Isaac Corporation. Confidential. This presentation is provided for the recipient 
only and cannot be reproduced or shared without Fair Isaac Corporation’s express consent. 23

image source: ralphgomory.com



© 2019 Fair Isaac Corporation. Confidential. This presentation is provided for the recipient 
only and cannot be reproduced or shared without Fair Isaac Corporation’s express consent. 24

• Optimizing over a discrete set

• Optimal solution not necessarily in a vertex
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• 𝑐𝑜𝑛𝑣 𝐹𝐼𝑃 is a polyhedron

• Principally, every IP could be formulated as LP

• Problems:

• Linear description not known

• Might require exponentially many rows

• Motivation:

• For optimal solution, we need at most n rows
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1. Initialize: 𝐹 ← 𝐹𝐿𝑃

2. Solve 𝑥∗ ← min{𝑐𝑇𝑥 | 𝑥 ∈ 𝐹} 

3. If 𝑥∗ ∈ 𝐹𝐼𝑃:
Stop!

4. Add inequality to 𝐹 that is:

• Valid for 𝑐𝑜𝑛𝑣(𝐹𝐼𝑃) and

• Violated by 𝑥∗

5. Goto 2.
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• Given an arbitrary IP, with an optimal basic solution of its LP relaxation

• Finds for each fractional variable in the LP solution a hyperplane that separates the LP 
solution from the set of all feasible solutions of the IP

• Add one (or all)  to the LP relaxation, rinse, repeat

• Assumes standard form max 𝑐𝑇𝑥 𝐴𝑥 = 𝑏; 𝑥 ≥ 0; 𝑥 ∈ ℤ𝑛}

• Use basic representation of the solution

• 𝑥𝑖 + σത𝑎𝑖𝑗𝑥𝑗 = ത𝑏𝑖

• Basic LP solution: 𝑥𝑖 = ത𝑏𝑖 , 𝑥𝑗 = 0

• Choose a fractional basic variable: 𝑥𝑖= ത𝑏𝑖 ∉ ℤ
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• 𝑥𝑖 + σത𝑎𝑖𝑗𝑥𝑗 = ത𝑏𝑖 ∉ ℤ
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• 𝑥𝑖 + σത𝑎𝑖𝑗𝑥𝑗 = ത𝑏𝑖 ∉ ℤ

• Add some zeros

• 𝑥𝑖 + σ(ത𝑎𝑖𝑗+ ത𝑎𝑖𝑗 − ത𝑎𝑖𝑗 )𝑥𝑗 = ത𝑏𝑖 + ത𝑏𝑖 − ത𝑏𝑖
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• The right hand side is less than one

• ത𝑏𝑖 − ത𝑏𝑖 is less than one

• σ(ത𝑎𝑖𝑗− ത𝑎𝑖𝑗 )𝑥𝑗 is a sum of non-negative values
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• 𝑥𝑖 + σത𝑎𝑖𝑗𝑥𝑗 = ത𝑏𝑖 ∉ ℤ

• Add some zeros

• 𝑥𝑖 + σ(ത𝑎𝑖𝑗+ ത𝑎𝑖𝑗 − ത𝑎𝑖𝑗 )𝑥𝑗 = ത𝑏𝑖 + ത𝑏𝑖 − ത𝑏𝑖

• Sort by integral and fractional parts

• 𝑥𝑖 + σ ത𝑎𝑖𝑗 𝑥𝑗 − ത𝑏𝑖 = ത𝑏𝑖 − ത𝑏𝑖 − σ(ത𝑎𝑖𝑗− ത𝑎𝑖𝑗 )𝑥𝑗

• The left hand side must be integer for all integer solutions

• The right hand side is less than one

• ത𝑏𝑖 − ത𝑏𝑖 is less than one

• σ(ത𝑎𝑖𝑗− ത𝑎𝑖𝑗 )𝑥𝑗 is a sum of non-negative values

• Hence, the right hand side must be less equal zero for all integer solutions
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• 𝑥𝑖 + σ ത𝑎𝑖𝑗 𝑥𝑗 − ത𝑏𝑖 = ത𝑏𝑖 − ത𝑏𝑖 − σ(ത𝑎𝑖𝑗− ത𝑎𝑖𝑗 )𝑥𝑗

• Right hand side is less equal zero
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• 𝑥𝑖 + σ ത𝑎𝑖𝑗 𝑥𝑗 − ത𝑏𝑖 = ത𝑏𝑖 − ത𝑏𝑖 − σ(ത𝑎𝑖𝑗− ത𝑎𝑖𝑗 )𝑥𝑗

• Right hand side is less equal zero

• Hence, −σ(ത𝑎𝑖𝑗− ത𝑎𝑖𝑗 )𝑥𝑗 ≤ ത𝑏𝑖 − ത𝑏𝑖 is a valid inequality for the given IP
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• 𝑥𝑖 + σ ത𝑎𝑖𝑗 𝑥𝑗 − ത𝑏𝑖 = ത𝑏𝑖 − ത𝑏𝑖 − σ(ത𝑎𝑖𝑗− ത𝑎𝑖𝑗 )𝑥𝑗

• Right hand side is less equal zero

• Hence, −σ(ത𝑎𝑖𝑗− ത𝑎𝑖𝑗 )𝑥𝑗 ≤ ത𝑏𝑖 − ത𝑏𝑖 is a valid inequality for the given IP

• And it is violated by the basic LP solution, since the right hand side is zero, but the right 
hand is negative
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• 𝑥𝑖 + σ ത𝑎𝑖𝑗 𝑥𝑗 − ത𝑏𝑖 = ത𝑏𝑖 − ത𝑏𝑖 − σ(ത𝑎𝑖𝑗− ത𝑎𝑖𝑗 )𝑥𝑗

• Right hand side is less equal zero

• Hence, −σ(ത𝑎𝑖𝑗− ത𝑎𝑖𝑗 )𝑥𝑗 ≤ ത𝑏𝑖 − ത𝑏𝑖 is a valid inequality for the given IP

• And it is violated by the basic LP solution, since the right hand side is zero, but the right 
hand is negative

• This is the Gomory cut!

• Add a slack variable, add to the equation system, iterate

• Similar idea works for mixed-integer programming (Gomory 1960)
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• By Gonzalo Muñoz: http://cuttingplanegame.gonzalomunoz.org/

• Get yourself on the leaderboard and win a prize! (code: cutsatwork)

https://urldefense.proofpoint.com/v2/url?u=http-3A__cuttingplanegame.gonzalomunoz.org_&d=DwMFaQ&c=ObqWq9831a7badpzAhIKIA&r=wJGFVaGhlz9DSWfZ0ynBOsX-NCuS9k7LxH6ZvChgW2o&m=0GFJ2ave5S1oK7yq_w-A18WKonbwdIeVCY1hZtbywZs&s=Ev49seZnmGhp-L0JLFiBOsbxJblUXJtLYFe2Na4dx2c&e=
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• From Bill Cook‘s fantastic IFORS distinguished lecture: 
https://www.youtube.com/watch?v=5VjphFYQKj8

• Alison Harcourt recently appointed 
Senior Australian of the year 2019

image source: abc.net.au

https://www.youtube.com/watch?v=5VjphFYQKj8
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• Divide&Conquer

• Split search region into strictly smaller subproblems, hopefully easier to solve, iterate

• Typically two subproblems, typically disjoint

• Maintain lower and upper bounds, prune subproblems outside of bounds

• General version for discrete problems by Land&Doig 1960

• Easier implementation, MIP-specific, with LP-relaxations, by Dakin 1965

• Dual simplex shines: Warm starts when adding new variable bounds
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1. Abort Criterion

2. Node selection

3. Solve relaxation

4. Bounding

5. Feasibility Check

6. Branching
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• Can obviously be exponential, but is it even finite?

Minimize 

obj: x3

Subject To 

c1: 12 x1 + 9 x2 - x3 = 0 

Bounds 

-inf <= x1 

-inf <= x2 

1 <= x3 

General

x1 x2 x3 

End

Careful modelling matters!
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• With Gomory‘s algorithm, the first integer solution found 

a) will be an optimal solution

b) might be suboptimal, but within a factor 2 of optimality

c) has a minimum number of nonzero variables

• You get one Gomory cut per

a) basic solution

b) basic variable

c) fractional variable

• The LP algorithm of choice for LP-based branch-and-bound is:

a) Primal Simplex

b) Dual Simplex

c) Barrier 
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• With Gomory‘s algorithm, the first integer solution found 

a) will be an optimal solution

b) might be suboptimal, but within a factor 2 of optimality

c) has a minimum number of nonzero variables

• You get one Gomory cut per

a) Basic solution

b) Basic variable

c) Fractional variable

• The LP algorithm of choice for LP-based branch-and-bound is

a) Primal Simplex

b) Dual Simplex

c) Barrier 
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