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Prerequisites

→ you already know

� modeling with integer variables
� basic facts about polyhedra
� how the simplex algorithm works
� a bit about linear programming duality
� have seen some cutting planes and know what they are good for
� know the branch-and-bound algorithm



Goals of this Unit

� introduce you to the column generation and branch-and-price algorithms
� with the aim of expanding your modeling (!) capabilities
� which may result in stronger formulations for specially structured problems
� to ultimately help you solving such problems faster



The Cutting Stock Problem

image source: commons.wikimedia.org, Leeco Steel - Antonio Rosset
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The Cutting Stock Problem: Kantorovich (1939, 1960)

m rolls of length L ∈ Z+, n orders of length �i ∈ Z+,
and demand di ∈ Z+, i ∈ [n] := {1, . . . , n}

a minimum number of rolls has to be
cut into orders; from each order i we
need di pieces in total

min

m�

j=1

yj // minimize number of used rolls

s. t.

m�

j=1

xij = di i ∈ [n] // every order has to be cut sufficiently often

n�

i=1

�ixij ≤ L j ∈ [m] // do not exceed rolls’ lengths

xij ≤ diyj i ∈ [n], j ∈ [m] // we can only cut rolls that we use

xij ∈ Z+ i ∈ [n], j ∈ [m] // how often to cut order i from roll j

yj ∈ {0, 1} j ∈ [m] // whether or not to use roll j
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The Cutting Stock Problem: Gilmore & Gomory (1961)

� how do solutions look like? how can we possibly cut one roll

� the set P of (encodings of) all feasible cutting patterns is

P =







a1
...
an


 ∈ Zn

+ |
n�

i=1

�iai ≤ L





� for each p ∈ P, denote by aip ∈ Z+ how often order i is cut in pattern p
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The Cutting Stock Problem: Gilmore & Gomory (1961)

� for each p ∈ P, denote by aip ∈ Z+ how often order i is cut in pattern p

� build a model on these observations, based on entire configurations

λp ∈ Z+ p ∈ P // how often to cut pattern p?
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The Cutting Stock Problem: Gilmore & Gomory (1961)

� for each p ∈ P, denote by aip ∈ Z+ how often order i is cut in pattern p

� build a model on these observations, based on entire configurations

s.t.
�

p∈P
aipλp = di i ∈ [n] // cover all demands

λp ∈ Z+ p ∈ P // how often to cut pattern p?
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The Cutting Stock Problem: Gilmore & Gomory (1961)

� for each p ∈ P, denote by aip ∈ Z+ how often order i is cut in pattern p

� build a model on these observations, based on entire configurations

min
�

p∈P
λp // minimimize number of patterns used

s.t.
�

p∈P
aipλp = di i ∈ [n] // cover all demands

λp ∈ Z+ p ∈ P // how often to cut pattern p?

� this is an integer program with maany variables

// in contrast to Kantorovich’s formulation, this model does not precisely specify which rolls to actually use
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Why would we care about different Models?

image source: twitter.com, @MurrietaPD
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Overview

1 Column Generation

2 Dantzig-Wolfe Reformulation

3 Branch-Price-and-Cut

4 Dual View



Column Generation to solve a Linear Program

� we want to solve a linear program, the master problem (MP)

z∗MP = min
�

j∈J

cjλj

s.t.
�

j∈J

ajλj ≥ b

λj ≥ 0 ∀j ∈ J

� typically, |J | super huge
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Column Generation to solve a Linear Program

� but we solve a linear program, the restricted master problem (RMP), with J � ⊆ J

z∗RMP = min
�

j∈J �

cjλj

s.t.
�

j∈J �

ajλj ≥ b

λj ≥ 0 ∀j ∈ J �

� typically, |J | super huge, |J �| small
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Column Generation to solve a Linear Program

� but we solve a linear program, the restricted master problem (RMP), with J � ⊆ J

z∗RMP = min
�

j∈J �

cjλj

s.t.
�

j∈J �

ajλj ≥ b [π]

λj ≥ 0 ∀j ∈ J �

� typically, |J | super huge, |J �| small
� use e.g., simplex method to obtain optimal primal λ and optimal dual π for RMP
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Column Generation to solve a Linear Program

� but we solve a linear program, the restricted master problem (RMP), with J � ⊆ J

z∗RMP = min
�

j∈J �

cjλj

s.t.
�

j∈J �

ajλj ≥ b [π]

λj ≥ 0 ∀j ∈ J �

� typically, |J | super huge, |J �| small
� use e.g., simplex method to obtain optimal primal λ and optimal dual π for RMP
� is λ an optimal solution to the MP as well? // maybe we are lucky!
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Column Generation to solve a Linear Program

� but we solve a linear program, the restricted master problem (RMP), with J � ⊆ J

z∗RMP = min
�

j∈J �

cjλj

s.t.
�

j∈J �

ajλj ≥ b [π]

λj ≥ 0 ∀j ∈ J �

� typically, |J | super huge, |J �| small
� use e.g., simplex method to obtain optimal primal λ and optimal dual π for RMP
� is λ an optimal solution to the MP as well? // maybe we are lucky!

� sufficient optimality condition: non-negative reduced cost c̄j = cj − πtaj ≥ 0, ∀j ∈ J
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Naı̈ve Idea for an Algorithm: Explicit Pricing

� checking the reduced cost (to identify a promising variable, if any) is called pricing

algorithm column generation with explicit pricing

input: restricted master problem RMP with an initial set J � ⊆ J of variables;
output: optimal solution λ to the master problem MP;
repeat

solve RMP to optimality, obtain λ and π;
compute all c̄j = cj − πtaj , j ∈ J ; // computationally prohibitive
if there is a variable λj∗ with c̄j∗ < 0 then

J � ← J � ∪ {j∗};

until all variables λj , j ∈ J , have c̄j ≥ 0;
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Better Idea: Implicit Pricing

� instead: solve an auxiliary optimization problem, the pricing problem

z = min{c̄j | j ∈ J}

→ if z < 0, we set J � ← J � ∪ argminj∈J{c̄j}
and re-optimize the restricted master problem

→ otherwise, i.e., z ≥ 0, there is no j ∈ J with c̄j < 0
and we proved that we solved the master problem to optimality
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The Column Generation Algorithm

algorithm column generation

input: restricted master problem RMP with an initial set J � ⊆ J of variables;
output: optimal solution λ to the master problem MP;
repeat

solve RMP to optimality, obtain λ and π;
solve z = min{c̄j | j ∈ J};
if z < 0 then

J � ← J � ∪ {j∗} with c̄j∗ = z; // add variable λj∗ to RMP

until z ≥ 0;
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Example: Cutting Stock: Restricted Master Problem

� solve LP relaxation of Gilmore & Gomory formulation

min
�

p∈P�

λp

s.t.
�

p∈P�

aipλp = di [πi] i ∈ [n] // one dual variable per order/demand

λp ≥ 0 p ∈ P �

with P � ⊆ P = {(a1, . . . , an)t ∈ Zn
+ | �n

i=1 �iai ≤ L} a subset of variables

→ obtain optimal primal λ and optimal dual πt = (π1, . . . ,πn)
// solving a linear program, we always obtain both, optimal primal and optimal dual solutions
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Example: Cutting Stock: Reduced Cost

� optimal dual πt = (π1, . . . ,πn)

� reduced cost of λp // that formula again! it must be important. . .

c̄p = 1− (π1, . . . ,πn) ·




a1p
a2p
...

anp




for all feasible cutting patterns p ∈ P

� again: explicit enumeration of all patterns is totally out of the question
// it does not seem that we are making good progress
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Example: Cutting Stock: Pricing Problem

� implicit enumeration: solve auxiliary optimization problem over P

z = min
p∈P

c̄p = min
p∈P

1− (π1, . . . ,πn) ·




a1p
a2p
...

anp
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Example: Cutting Stock: Pricing Problem

� implicit enumeration: solve auxiliary optimization problem over P

z = min
p∈P

c̄p = min
p∈P

1− (π1, . . . ,πn) ·




a1p
a2p
...

anp




= min 1−
n�

i=1

πixi

s.t.
n�

i=1

�ixi ≤ L

xi ∈ Z+ i ∈ [n]
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Example: Cutting Stock: Pricing Problem

� implicit enumeration: solve auxiliary optimization problem over P

z = min
p∈P

c̄p = min
p∈P

1− (π1, . . . ,πn) ·




a1p
a2p
...

anp




= 1− max

n�

i=1

πixi

s.t.
n�

i=1

�ixi ≤ L

xi ∈ Z+ i ∈ [n]

� which is a knapsack problem!
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Example: Cutting Stock: Pricing Problem

� two cases for the minimum reduced cost z = minp∈P c̄p:

1. z < 0

pricing variable values (xi)i∈[n] encode a feasible pattern p∗ = (aip∗)i∈[n]

P � ← P � ∪ {p∗}; repeat solving the RMP.

2. z ≥ 0

proves that there is no negative reduced cost
(master variable that corresponds to a) feasible pattern
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Example: Cutting Stock: Adding the Priced Variables to the RMP

min
�

p∈P�

λp

s.t.
�

p∈P�

a1pλp = d1

...
�

p∈P�

anpλp = dn

λp ≥ 0 p ∈ P �
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Example: Cutting Stock: Adding the Priced Variables to the RMP

min
�

p∈P�

λp + 1λp∗

s.t.
�

p∈P�

a1pλp + a1p∗λp∗ = d1

...
�

p∈P�

anpλp + anp∗λp∗ = dn

λp , λp∗ ≥ 0 p ∈ P �

coefficients aip obtained from pricing problem solution xi
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Example: Cutting Stock: Adding the Priced Variables to the RMP

min
�

p∈P�

λp + 1λp∗ + 1λp∗∗

s.t.
�

p∈P�

a1pλp + a1p∗λp∗ + a1p∗∗λp∗∗ = d1

...
�

p∈P�

anpλp + anp∗λp∗ + anp∗∗λp∗∗ = dn

λp , λp∗ , λp∗∗ ≥ 0 p ∈ P �

coefficients aip obtained from pricing problem solution xi
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Example: Cutting Stock: Adding the Priced Variables to the RMP

min
�

p∈P�

λp + 1λp∗ + 1λp∗∗ + . . .

s.t.
�

p∈P�

a1pλp + a1p∗λp∗ + a1p∗∗λp∗∗ + . . . = d1

...
�

p∈P�

anpλp + anp∗λp∗ + anp∗∗λp∗∗ + . . . = dn

λp , λp∗ , λp∗∗ + . . . ≥ 0 p ∈ P �

� this dynamic addition of variables is called column generation

� column generation is an algorithm to solve linear programs

coefficients aip obtained from pricing problem solution xi
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Why should this work?

Motivation for Column Generation I
� in a basic solution to the master problem, at most m � |J | variables are non-zero
� empirically, run time of simplex method linearly depends on no. m of rows

→ possibly, many variables are never part of the basis

Motivation for Column Generation II
� the “pattern based” model can be stronger than the “assignment based” model
� theory helps us proving this (via Dantzig-Wolfe reformulation)
� the “pattern based” model is not symmetric
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Another Example: Vertex Coloring

Data
G = (V,E) undirected graph

Goal
color all vertices such that adjacent vertices receive different colors, minimizing the
number of used colors
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Vertex Coloring: Textbook Model

� notation: C set of available colors
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Vertex Coloring: Textbook Model

� notation: C set of available colors

xic ∈ {0, 1} i ∈ V, c ∈ C // color i with c?
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Vertex Coloring: Textbook Model

� notation: C set of available colors

s.t.
�

c∈C

xic = 1 i ∈ V // color each vertex

xic ∈ {0, 1} i ∈ V, c ∈ C // color i with c?
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Vertex Coloring: Textbook Model

� notation: C set of available colors

s.t.
�

c∈C

xic = 1 i ∈ V // color each vertex

xic + xjc ≤ 1 ij ∈ E, c ∈ C // avoid conflicts

xic ∈ {0, 1} i ∈ V, c ∈ C // color i with c?

@mluebbecke · CO@Work 2020 · Column Generation, Dantzig-Wolfe Reformulation , Branch-Price-and-Cut · 21/86



Vertex Coloring: Textbook Model

� notation: C set of available colors

s.t.
�

c∈C

xic = 1 i ∈ V // color each vertex

xic + xjc ≤ 1 ij ∈ E, c ∈ C // avoid conflicts

xic ≤ yc i ∈ V, c ∈ C // couple x and y

xic ∈ {0, 1} i ∈ V, c ∈ C // color i with c?

yc ∈ {0, 1} c ∈ C // do we use color c?
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Vertex Coloring: Textbook Model

� notation: C set of available colors

χ(G) = min
�

c∈C

yc // minimize number of used colors

s.t.
�

c∈C

xic = 1 i ∈ V // color each vertex

xic + xjc ≤ 1 ij ∈ E, c ∈ C // avoid conflicts

xic ≤ yc i ∈ V, c ∈ C // couple x and y

xic ∈ {0, 1} i ∈ V, c ∈ C // color i with c?

yc ∈ {0, 1} c ∈ C // do we use color c?

� χ(G) is called the chromatic number of G.
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Vertex Coloring: Master Problem

� observation: each color class forms an independent set in G

� denote by P the set of (encodings of) all independent sets in G

� aip ∈ {0, 1} denotes whether vertex i is contained in independent set p

λp ∈ {0, 1} p ∈ P // do we use independent set p?

� The LP relaxation gives a master problem
� solve it by column generation
→ dual variables πt = (π1, . . . ,π|V |), one per vertex
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Vertex Coloring: Master Problem

� observation: each color class forms an independent set in G

� denote by P the set of (encodings of) all independent sets in G

� aip ∈ {0, 1} denotes whether vertex i is contained in independent set p

s.t.
�

p∈P
aipλp = 1 i ∈ V // every vertex must be covered

λp ∈ {0, 1} p ∈ P // do we use independent set p?

� The LP relaxation gives a master problem
� solve it by column generation
→ dual variables πt = (π1, . . . ,π|V |), one per vertex

@mluebbecke · CO@Work 2020 · Column Generation, Dantzig-Wolfe Reformulation , Branch-Price-and-Cut · 22/86



Vertex Coloring: Master Problem

� observation: each color class forms an independent set in G

� denote by P the set of (encodings of) all independent sets in G

� aip ∈ {0, 1} denotes whether vertex i is contained in independent set p

min
�

p∈P
λp // minimimize no. of sets used

s.t.
�

p∈P
aipλp = 1 i ∈ V // every vertex must be covered

λp ∈ {0, 1} p ∈ P // do we use independent set p?

� The LP relaxation gives a master problem
� solve it by column generation
→ dual variables πt = (π1, . . . ,π|V |), one per vertex
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Do you know it?

� how does the pricing problem look like?
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Vertex Coloring: Pricing Problem

� the pricing problem looks like

c̄∗ = min
p∈P

c̄p = min
p∈P

1− (π1, . . . ,π|V |) ·




a1p
a2p
...

a|V |p
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Vertex Coloring: Pricing Problem

� the pricing problem looks like

c̄∗ = min
p∈P

c̄p = min
p∈P

1− (π1, . . . ,π|V |) ·




a1p
a2p
...

a|V |p




= min 1−
�

i∈V

πixi

s.t. xi + xj ≤ 1 ij ∈ E

xi ∈ {0, 1} i ∈ V .
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Vertex Coloring: Pricing Problem

� the pricing problem looks like

c̄∗ = min
p∈P

c̄p = min
p∈P

1− (π1, . . . ,π|V |) ·




a1p
a2p
...

a|V |p




= 1− max
�

i∈V

πixi

s.t. xi + xj ≤ 1 ij ∈ E

xi ∈ {0, 1} i ∈ V .

� which is a maximum weight independent set problem!
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Question

� how do we arrive at such models like Gilmore & Gomory’s?



Overview

1 Column Generation

2 Dantzig-Wolfe Reformulation
2.1 Dantzig-Wolfe Reformulation
2.2 Column Generation
2.3 Example

3 Branch-Price-and-Cut

4 Dual View



Minkowski (1896) and Weyl (1935)

Outer and Inner Representation of a Polyhedron
For P ⊆ Rn, the following are equivalent:

1. P is a polyhedron
2. There are finite sets Q,R ⊆ Rn such that P = conv(Q) + cone(R)

// P is finitely generated

� choose Q (resp. R) as extreme points (resp. rays) of P
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Dantzig-Wolfe Reformulation for LPs (1960, 1961)

� we use this to equivalently reformulate what we call the

original model min ctx
s.t. Ax ≥ b

Dx ≥ d
x ≥ 0
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Dantzig-Wolfe Reformulation for LPs (1960, 1961)

� we use this to equivalently reformulate what we call the

original model min ctx
s.t. Ax ≥ b

Dx ≥ d
x ≥ 0

� identify two sets of constraints, typically constraints we know how to deal (well) with
(the “easy constraints”) and everything else (the “complicating constraints”).
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Dantzig-Wolfe Reformulation for LPs (1960, 1961)

original formulation z∗LP = min ctx
s.t. Ax ≥ b

Dx ≥ d
x ≥ 0

Idea: apply Minkowski-Weyl on the “easy constraints” X = {x ≥ 0 | Dx ≥ d}

vertices Q = {x1, . . . ,x|Q|}, extreme rays R = {x1, . . . ,x|R|} of X
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Dantzig-Wolfe Reformulation for LPs (1960, 1961)

vertices Q = {x1, . . . ,x|Q|}, extreme rays R = {x1, . . . ,x|R|} of X

express every x ∈ X as

x =
�

q∈Q

λqxq +
�

r∈R

λrxr

�

q∈Q

λq = 1 // convexity constraint

λq ≥ 0 q ∈ Q

λr ≥ 0 r ∈ R

and substitute this x ∈ X in Ax ≥ b and ctx.
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Dantzig-Wolfe Reformulation for LPs (1960, 1961)

substitution of x ∈ X in Ax ≥ b and ctx

min ct


�

q∈Q

λqxq +
�

r∈R

λrxr

�

s.t. A


�

q∈Q

λqxq +
�

r∈R

λrxr

�
≥ b

�

q∈Q

λq = 1

λq ≥ 0 q ∈ Q

λr ≥ 0 r ∈ R
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Dantzig-Wolfe Reformulation for LPs (1960, 1961)

substitution of x ∈ X in Ax ≥ b and ctx and some rearranging

min
�

q∈Q

λqc
txq +

�

r∈R

λrc
txr

s.t.
�

q∈Q

λqAxq +
�

r∈R

λrAxr ≥ b

�

q∈Q

λq = 1

λq ≥ 0 q ∈ Q

λr ≥ 0 r ∈ R

@mluebbecke · CO@Work 2020 · Column Generation, Dantzig-Wolfe Reformulation , Branch-Price-and-Cut · 31/86



Dantzig-Wolfe Reformulation for LPs (1960, 1961)

substitution of x ∈ X in Ax ≥ b and ctx and some rearranging

min
�

q∈Q

λq c
txq����

=:cq

+
�

r∈R

λr c
txr����

=:cr

s.t.
�

q∈Q

λq Axq����
=:aq

+
�

r∈R

λr Axr����
=:ar

≥ b

�

q∈Q

λq = 1

λq ≥ 0 q ∈ Q

λr ≥ 0 r ∈ R

@mluebbecke · CO@Work 2020 · Column Generation, Dantzig-Wolfe Reformulation , Branch-Price-and-Cut · 31/86



Dantzig-Wolfe Reformulation for LPs (1960, 1961)

leads to an extended LP which we call the master problem

z∗MP = min
�

q∈Q

cqλq +
�

r∈R

crλr

s.t.
�

q∈Q

aqλq +
�

r∈R

arλr ≥ b

�

q∈Q

λq = 1

λq ≥ 0 q ∈ Q

λr ≥ 0 r ∈ R

which is equivalent to the original LP, i.e., z∗LP = z∗MP
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The Dantzig-Wolfe Master Problem

� the master problem has a huge number |Q|+ |R| of variables
� it needs to be solved by column generation
� initialize the RMP with Q� ⊆ Q and R� ⊆ R

� solve the RMP to obtain primal λ and dual π,π0
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The Dantzig-Wolfe Restricted Master Problem

z∗RMP = min
�

q∈Q�

cqλq +
�

r∈R�

crλr

s.t.
�

q∈Q�

aqλq +
�

r∈R�

arλr ≥ b [π]

�

q∈Q�

λq = 1 [π0]

λq ≥ 0 q ∈ Q�

λr ≥ 0 r ∈ R�

@mluebbecke · CO@Work 2020 · Column Generation, Dantzig-Wolfe Reformulation , Branch-Price-and-Cut · 33/86



Reduced Cost Computation

� for the reduced cost formula we distinguish two cases
→ for λq, q ∈ Q: // variables corresponding to extreme points

c̄q = cq − (πt,π0)

�
aq
1

�
= cq − πtaq − π0

= ctxq − πtAxq − π0

→ for λr, r ∈ R: // variables corresponding to extreme rays

c̄r = cr − (πt,π0)

�
ar
0

�
= cr − πtar

= ctxr − πtAxr

� we need to compute c̄∗ = min{min
q∈Q

c̄q,min
r∈R

c̄r} // the smallest reduced cost
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Dantzig-Wolfe Pricing Problem

� in words: find an extreme point q ∈ Q with minimum c̄q and/or an extreme ray r ∈ R
with minimum c̄r
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Dantzig-Wolfe Pricing Problem

� in words: find an extreme point q ∈ Q with minimum c̄q and/or an extreme ray r ∈ R
with minimum c̄r

� to this end, solve the Dantzig-Wolfe pricing problem

z∗PP = min
j∈Q∪R

ctxj − πtAxj // no π0 here
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Dantzig-Wolfe Pricing Problem

� in words: find an extreme point q ∈ Q with minimum c̄q and/or an extreme ray r ∈ R
with minimum c̄r

� to this end, solve the Dantzig-Wolfe pricing problem

z∗PP = min
j∈Q∪R

ctxj − πtAxj // no π0 here

= min (ct − πtA)x
s.t. Dx ≥ d

x ≥ 0

� Q and R contain the extreme points/extreme rays of {x ≥ 0 | Dx ≥ d}!
� the pricing problem is again a linear program // solve it e.g., with the simplex algorithm
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Dantzig-Wolfe Pricing Problem

three cases for z∗PP = min
x≥0

�
(ct − πtA)x | Dx ≥ d

�
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Dantzig-Wolfe Pricing Problem

three cases for z∗PP = min
x≥0

�
(ct − πtA)x | Dx ≥ d

�

1. z∗PP = −∞
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Dantzig-Wolfe Pricing Problem

three cases for z∗PP = min
x≥0

�
(ct − πtA)x | Dx ≥ d

�

1. z∗PP = −∞ ⇒ we identified an extreme ray r∗ ∈ R with c̄r∗ < 0
→ add variable λr∗ to the RMP

with cost ctxr∗ and column coefficients
�
Axr∗

0

�
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Dantzig-Wolfe Pricing Problem

three cases for z∗PP = min
x≥0

�
(ct − πtA)x | Dx ≥ d

�

1. z∗PP = −∞ ⇒ we identified an extreme ray r∗ ∈ R with c̄r∗ < 0
→ add variable λr∗ to the RMP

with cost ctxr∗ and column coefficients
�
Axr∗

0

�

2. −∞ < z∗PP − π0 < 0
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Dantzig-Wolfe Pricing Problem

three cases for z∗PP = min
x≥0

�
(ct − πtA)x | Dx ≥ d

�

1. z∗PP = −∞ ⇒ we identified an extreme ray r∗ ∈ R with c̄r∗ < 0
→ add variable λr∗ to the RMP

with cost ctxr∗ and column coefficients
�
Axr∗

0

�

2. −∞ < z∗PP − π0 < 0 ⇒ we identified an extreme point q∗ ∈ Q with c̄q∗ < 0
→ add variable λq∗ to the RMP

with cost ctxq∗ and column coefficients
�
Axq∗

1

�
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Dantzig-Wolfe Pricing Problem

three cases for z∗PP = min
x≥0

�
(ct − πtA)x | Dx ≥ d

�

1. z∗PP = −∞ ⇒ we identified an extreme ray r∗ ∈ R with c̄r∗ < 0
→ add variable λr∗ to the RMP

with cost ctxr∗ and column coefficients
�
Axr∗

0

�

2. −∞ < z∗PP − π0 < 0 ⇒ we identified an extreme point q∗ ∈ Q with c̄q∗ < 0
→ add variable λq∗ to the RMP

with cost ctxq∗ and column coefficients
�
Axq∗

1

�

3. 0 ≤ z∗PP − π0
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Dantzig-Wolfe Pricing Problem

three cases for z∗PP = min
x≥0

�
(ct − πtA)x | Dx ≥ d

�

1. z∗PP = −∞ ⇒ we identified an extreme ray r∗ ∈ R with c̄r∗ < 0
→ add variable λr∗ to the RMP

with cost ctxr∗ and column coefficients
�
Axr∗

0

�

2. −∞ < z∗PP − π0 < 0 ⇒ we identified an extreme point q∗ ∈ Q with c̄q∗ < 0
→ add variable λq∗ to the RMP

with cost ctxq∗ and column coefficients
�
Axq∗

1

�

3. 0 ≤ z∗PP − π0 ⇒ there is no j ∈ Q ∪R with c̄j < 0.
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Projecting back to the Original Variables

� by construction, we can always obtain an original x solution from a master λ solution
via

x =
�

q∈Q

λqxq +
�

r∈R

λrxr
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Briefly Pause

� go back to the cutting stock and vertex coloring problems

� you recognize original constraints in master and pricing problems
� however, not exactly, the reformulation “forgot” about rolls and colors
→ this is common and called aggregation



Block-Angular Matrices

� the classical Dantzig-Wolfe situation is

min ct1x
1 + ct2x

2 + · · · + ctKxK

s.t. A1x
1 + A2x

2 + · · · + AKxK ≥ b

D1x
1 ≥ d1

D2x
2 ≥ d2

. . .
...

DKxK ≥ dK

x1 , x2 , . . . , xK ≥ 0

� K rolls, K colors, K vehicles, K subproblems, . . .
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Block-Angular Matrices

� the classical Dantzig-Wolfe situation is

 0

 500

 1000

 1500

 2000

 2500

 0  500  1000  1500  2000  2500
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Block-Angular Matrices

� constraints/variables of each block are separately DW reformulated
� yields K pricing problems
� all must report non-negative reduced cost for RMP optimality

� the blocks can be identical, in which case one can aggregate them
// loosely speaking, master and pricing problem use only one representative
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Dantzig-Wolfe Reformulation for LPs: Pictorially

{x ∈ Qn | Dx ≥ d} ∩ {x ∈ Qn | Ax ≥ b}

“pricing problem”

“master problem”
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Dantzig-Wolfe Reformulation for LPs: Pictorially

{x ∈ Qn | Dx ≥ d} ∩ {x ∈ Qn | Ax ≥ b}

“pricing problem”

“master problem”
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Dantzig-Wolfe Reformulation for LPs: Pictorially

{x ∈ Qn | Dx ≥ d} ∩ {x ∈ Qn | Ax ≥ b}

“pricing problem”

“master problem”
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Dantzig-Wolfe Reformulation for LPs: Pictorially

{x ∈ Qn | Dx ≥ d} ∩ {x ∈ Qn | Ax ≥ b}

“pricing problem”

“master problem”
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Dantzig-Wolfe Reformulation for LPs: Pictorially

{x ∈ Qn | Dx ≥ d} ∩ {x ∈ Qn | Ax ≥ b}

“pricing problem”

“master problem”

� not tighter than standard LP relaxation
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Briefly Pause

� but the pricing problems we have seen were integer programs!



Dantzig-Wolfe Reformulation for IPs: Pictorially

{x ∈ Qn | Dx ≥ d} ∩ {x ∈ Qn | Ax ≥ b}

“pricing problem”

“master problem”

� not tighter than standard LP relaxation
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Dantzig-Wolfe Reformulation for IPs: Pictorially

{x ∈ Qn | Dx ≥ d} ∩ {x ∈ Qn | Ax ≥ b}

“pricing problem”

“master problem”

� for integer programs: partial convexification conv{x ∈ Zn | Dx ≥ d}
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Dantzig-Wolfe Reformulation for IPs: Pictorially

{x ∈ Qn | Dx ≥ d} ∩ {x ∈ Qn | Ax ≥ b}

“pricing problem”

“master problem”

� for integer programs: partial convexification, possibly stronger
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Do you know it?

� DW reformulating a linear program leads to an equivalent linear program

→ true
→ false
→ it depends

� DW reformulating an integer program leads to a stronger relaxation than the LP
relaxation

→ true
→ false
→ it depends
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Briefly Pause

� column generation relies on our ability to optimize over conv{x ∈ Zn | Dx ≥ d}

� how should we choose Dx ≥ d?

→ Dx ≥ d should describe a structure over which we can (easily) optimize
→ convexifying Dx ≥ d should improve the dual bound (well)



Numerical Example: Taken from the “Primer”

� find: shortest path (RCSP) from 1 to 6

cost
time

3 5

42

6

(2,3)

(10,1)

(12,3)

(1,7)

(1,1)

(1,2)

(1,10)

(10,3)

1

(5,7) (2,2)
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Numerical Example: Taken from the “Primer”

� find: resource constrained shortest path (RCSP) from 1 to 6
� total traversal time must not exceed 14 units

time
cost

3 5

42

6

(2,3)

(10,1)

(2,2)

(12,3)

(1,7)

(1,1)

(1,2)

(1,10)

(10,3)

1

(5,7)
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Numerical Example: Taken from the “Primer”

� find: resource constrained shortest path (RCSP) from 1 to 6
� total traversal time must not exceed 14 units

time
cost

42

6

(2,3)

(10,1)

(2,2)

(12,3)

(1,7)

(1,1)

(1,2)

(1,10)

(10,3)

1

(5,7)

3 5

� path 1-3-5-6 is quick but expensive: cost 24, time 8
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Numerical Example: Taken from the “Primer”

� find: resource constrained shortest path (RCSP) from 1 to 6
� total traversal time must not exceed 14 units

time
cost

42

6

(2,3)

(10,1)

(2,2)

(12,3)

(1,7)

(1,1)

(1,2)

(1,10)

(10,3)

1

(5,7)

3 5

� path 1-2-4-6 is cheap but too slow: cost 3, time 18
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Numerical Example: Taken from the “Primer”

� find: resource constrained shortest path (RCSP) from 1 to 6
� total traversal time must not exceed 14 units

time
cost

3 5

42

6

(2,3)

(10,1)

(2,2)

(12,3)

(1,7)

(1,1)

(1,2)

(1,10)

(10,3)

1

(5,7)

� path 1-3-2-4-6 is optimal: cost 13, time 13
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Integer Program for the RCSP Problem

� cij cost on arc (i, j), tij time to traverse (i, j)

z� := min
�

(i,j)∈A

cijxij

s.t.
�

j:(1,j)∈A

x1j = 1

�

j:(i,j)∈A

xij −
�

j:(j,i)∈A

xji = 0 i = 2, 3, 4, 5

�

i:(i,6)∈A

xi6 = 1

�

(i,j)∈A

tijxij ≤ 14

xij ∈ {0, 1} (i, j) ∈ A
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Integer Program for the RCSP Problem

� cij cost on arc (i, j), tij time to traverse (i, j)

z� := min
�

(i,j)∈A

cijxij

s.t.
�

j:(1,j)∈A

x1j = 1

�

j:(i,j)∈A

xij −
�

j:(j,i)∈A

xji = 0 i = 2, 3, 4, 5

�

i:(i,6)∈A

xi6 = 1

�

(i,j)∈A

tijxij ≤ 14

xij ∈ {0, 1} (i, j) ∈ A

� could be solved by branch-and-bound (B&B)
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Integer Program for the RCSP Problem

� cij cost on arc (i, j), tij time to traverse (i, j)

z� := min
�

(i,j)∈A

cijxij

s.t.
�

j:(1,j)∈A

x1j = 1

�

j:(i,j)∈A

xij −
�

j:(j,i)∈A

xji = 0 i = 2, 3, 4, 5

�

i:(i,6)∈A

xi6 = 1

�

(i,j)∈A

tijxij ≤ 14

xij ∈ {0, 1} (i, j) ∈ A

� instead: exploit embedded shortest path problem structure
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Paths vs. Arcs Formulation

� what remains // these constraints go into the pricing problem

�

j:(1,j)∈A

x1j = 1

�

j:(i,j)∈A

xij −
�

j:(j,i)∈A

xji = 0 i = 2, 3, 4, 5

�

i:(i,6)∈A

xi6 = 1

xij ∈ {0, 1} (i, j) ∈ A

defines a (particular) network flow problem

� fact: every flow defined on arcs decomposes into flows on paths (and cycles)
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Paths vs. Arcs Formulation

� the convex hull of

�

j:(1,j)∈A

x1j = 1

�

j:(i,j)∈A

xij −
�

j:(j,i)∈A

xji = 0 i = 2, 3, 4, 5

�

i:(i,6)∈A

xi6 = 1

xij ∈ {0, 1} (i, j) ∈ A

defines a polyhedron (in fact, a polytope) with integer vertices

� fact: every arc flow can be represented as convex combination of path (and cycle) flows
// vertices of the above polytope are incidence vectors of 1-6-paths
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Paths vs. Arcs Formulation

� fact: every arc flow can be represented as convex combination of path (and cycle) flows

xij =
�

p∈P

xpijλp (i, j) ∈ A

�

p∈P

λp = 1 // convexity constraint

λp ≥ 0 p ∈ P

� P denotes the set of all paths from node 1 to node 6

� notation: xpij = 1 iff arc (i, j) on path p, otherwise xpij = 0
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Integer Master Problem

� now substitute for xij in our original IP

�

p∈P

λp = 1

λp ≥ 0 p ∈ P
�

p∈P

xpijλp = xij (i, j) ∈ A
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Integer Master Problem

� now substitute for xij in our original IP

z� = min
�

p∈P

(
�

(i,j)∈A

cijxpij)λp

s.t.
�

p∈P

(
�

(i,j)∈A

tijxpij)λp ≤ 14

�

p∈P

λp = 1

λp ≥ 0 p ∈ P
�

p∈P

xpijλp = xij (i, j) ∈ A

xij ∈ {0, 1} (i, j) ∈ A
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Master Problem

� now substitute for xij in our original IP and relax the integrality of xij

z� = min
�

p∈P

(
�

(i,j)∈A

cijxpij)λp

s.t.
�

p∈P

(
�

(i,j)∈A

tijxpij)λp ≤ 14

�

p∈P

λp = 1

λp ≥ 0 p ∈ P
�

p∈P

xpijλp = xij (i, j) ∈ A

xij ≥ 0 (i, j) ∈ A
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Master Problem

� now substitute for xij in our original IP and relax the integrality of xij

z̄� = min
�

p∈P

(
�

(i,j)∈A

cijxpij)λp

s.t.
�

p∈P

(
�

(i,j)∈A

tijxpij)λp ≤ 14

�

p∈P

λp = 1

λp ≥ 0 p ∈ P

� we can remove the link between xij and λp variables
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Master Problem

� in general, this will have many more than 9 variables. . .

min 3λ1246+14λ12456+ 5λ1256+13λ13246+24λ132456+15λ13256+16λ1346+27λ13456+24λ1356

s.t. 18λ1246+14λ12456+15λ1256+13λ13246+ 9λ132456+10λ13256+17λ1346+13λ13456+ 8λ1356 ≤14

λ1246+ λ12456+ λ1256+ λ13246+ λ132456+ λ13256+ λ1346+ λ13456+ λ1356 = 1

λ1246 , λ12456 , λ1256 , λ13246 , λ132456 , λ13256 , λ1346 , λ13456 , λ1356 ≥ 0
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Restricted Master Problem

� in general, this will have many more than 9 variables. . .

min 5λ1256+13λ13246 +15λ13256

s.t. 15λ1256+13λ13246 +10λ13256 ≤14

λ1256+ λ13246 + λ13256 = 1

λ1256 , λ13246 , λ13256 ≥ 0

� the restricted master problem works with a (very small) subset of variables only
� we add more variables as needed. . .
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Restricted Master Problem (RMP)

� how do we generate such a column?

z̄ = min . . . + 24λ132456 + . . .
s.t. . . . + 9λ132456 + . . . ≤ 14

. . . + 1λ132456 + . . . = 1

. . . 1λ132456 . . . ≥ 0
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Restricted Master Problem (RMP)

� how do we generate such a column?

duals
↓

z̄ = min . . . + 24λ132456 + . . .
s.t. . . . + 9λ132456 + . . . ≤ 14 π1

. . . + 1λ132456 + . . . = 1 π0

. . . 1λ132456 . . . ≥ 0

� for a specific variable, we can compute the reduced cost:

c̄132456 = 24− (π1,π0)
t ·

�
9

1

�

= 24− 9π1 − 1π0
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Pricing Subproblem
� in general, for this application, the reduced cost of variable λp computes as

c̄p =
�

(i,j∈A)

cijxpij − (
�

(i,j∈A)

tijxpij)π1 − π0

� and we are interested in the smallest possible:

c̄� = min
�

(i,j)∈A(cij − π1tij)xij − π0

s. t. the xij encode a feasible column

� If c̄� ≥ 0 then there is no improving variable;
� otherwise we found a column to add to the RMP

@mluebbecke · CO@Work 2020 · Column Generation, Dantzig-Wolfe Reformulation , Branch-Price-and-Cut · 53/86



Pricing Subproblem
� in general, for this application, the reduced cost of variable λp computes as

c̄p =
�

(i,j∈A)

cijxpij − (
�

(i,j∈A)

tijxpij)π1 − π0

� and we are interested in the smallest possible:

c̄� = min
�

(i,j)∈A(cij − π1tij)xij − π0

s. t. �

j:(1,j)∈A

x1j = 1

�

j:(i,j)∈A

xij −
�

j:(j,i)∈A

xji = 0 i = 2, 3, 4, 5

�

i:(i,6)∈A

xi6 = 1

xij ≥ 0 (i, j) ∈ A

� If c̄� ≥ 0 then there is no improving variable;
� otherwise we found a column to add to the RMP
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Pricing Subproblem

� for this application, this is a shortest path problem in

5

61

2

3

4

10− 1π1

10− 3π1

1− 2π1

1− 10π1

1− 1π1

1− 7π1

2− 2π1

12− 3π1

2− 3π1

5− 7π1

� this is the original graph with modified costs

� remember: this was the reason for the reformulation:
we wanted to exploit that we can solve shortest path problems
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Initializing the Master Problem

� question: how to start?
� initially, we have no feasible solution to the RMP! // maybe no variables at all

� one possibility: “big M approach” // there are several other ways

� introduce artificial variable y0 with “large” cost, say M = 100:

z̄ = min 100y0
s.t. ≤ 14

y0 = 1
y0 ≥ 0
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Solving the Master Problem

z̄ = min 100y0
s.t. ≤ 14 π1

y0 = 1 π0

y0 ≥ 0

master solution z̄ π0 π1 c̄� p cp tp
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Solving the Master Problem

z̄ = min 100y0
s.t. ≤ 14 π1

y0 = 1 π0

y0 ≥ 0

master solution z̄ π0 π1 c̄� p cp tp
y0 = 1 100.0 100.00 0.00
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Solving the Master Problem

z̄ = min 100y0
s.t. ≤ 14 π1

y0 = 1 π0

y0 ≥ 0

master solution z̄ π0 π1 c̄� p cp tp
y0 = 1 100.0 100.00 0.00 − 97.0 1246 3 18
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Solving the Master Problem

z̄ = min 100y0 + 3λ1246

s.t. 18λ1246 ≤ 14 π1

y0 + λ1246 = 1 π0

y0 , λ1246 ≥ 0

master solution z̄ π0 π1 c̄� p cp tp
y0 = 1 100.0 100.00 0.00 − 97.0 1246 3 18
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Solving the Master Problem

z̄ = min 100y0 + 3λ1246

s.t. 18λ1246 ≤ 14 π1

y0 + λ1246 = 1 π0

y0 , λ1246 ≥ 0

master solution z̄ π0 π1 c̄� p cp tp
y0 = 1 100.0 100.00 0.00 − 97.0 1246 3 18
y0 = 0.22,λ1246 = 0.78 24.6 100.00 −5.39

3 5

42

6

(2,3)

(10,1)

(2,2)

(12,3)

(1,7)

(1,1)

(1,2)

(1,10)

(10,3)

1

(5,7)

0.78
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Solving the Master Problem

z̄ = min 100y0 + 3λ1246 + 24λ1356

s.t. 18λ1246 + 8λ1356 ≤ 14 π1

y0 + λ1246 + λ1356 = 1 π0

y0 , λ1246 , λ1356 ≥ 0

master solution z̄ π0 π1 c̄� p cp tp
y0 = 1 100.0 100.00 0.00 − 97.0 1246 3 18
y0 = 0.22,λ1246 = 0.78 24.6 100.00 −5.39 − 32.9 1356 24 8

3 5

42
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(2,3)

(10,1)

(2,2)

(12,3)

(1,7)

(1,1)

(1,2)

(1,10)

(10,3)

1

(5,7)

0.78
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Solving the Master Problem

z̄ = min 100y0 + 3λ1246 + 24λ1356

s.t. 18λ1246 + 8λ1356 ≤ 14 π1

y0 + λ1246 + λ1356 = 1 π0

y0 , λ1246 , λ1356 ≥ 0

master solution z̄ π0 π1 c̄� p cp tp
y0 = 1 100.0 100.00 0.00 − 97.0 1246 3 18
y0 = 0.22,λ1246 = 0.78 24.6 100.00 −5.39 − 32.9 1356 24 8
λ1246 = 0.6,λ1356 = 0.4 11.4 40.80 −2.10

0.4

42

6

(2,3)

(10,1)

(2,2)

(1,7)

(1,1)

(1,2)

(1,10)

(10,3)

1

(5,7)

0.6

3 5(12,3)
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Solving the Master Problem

z̄ = min 100y0 + 3λ1246 + 24λ1356 + 15λ13256

s.t. 18λ1246 + 8λ1356 + 10λ13256 ≤ 14 π1

y0 + λ1246 + λ1356 + λ13256 = 1 π0

y0 , λ1246 , λ1356 , λ13256 ≥ 0

master solution z̄ π0 π1 c̄� p cp tp
y0 = 1 100.0 100.00 0.00 − 97.0 1246 3 18
y0 = 0.22,λ1246 = 0.78 24.6 100.00 −5.39 − 32.9 1356 24 8
λ1246 = 0.6,λ1356 = 0.4 11.4 40.80 −2.10 − 4.8 13256 15 10

0.4

42

6

(2,3)

(10,1)

(2,2)

(1,7)

(1,1)

(1,2)

(1,10)

(10,3)

1

(5,7)

0.6

3 5(12,3)
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Solving the Master Problem

z̄ = min 100y0 + 3λ1246 + 24λ1356 + 15λ13256

s.t. 18λ1246 + 8λ1356 + 10λ13256 ≤ 14 π1

y0 + λ1246 + λ1356 + λ13256 = 1 π0

y0 , λ1246 , λ1356 , λ13256 ≥ 0

master solution z̄ π0 π1 c̄� p cp tp
y0 = 1 100.0 100.00 0.00 − 97.0 1246 3 18
y0 = 0.22,λ1246 = 0.78 24.6 100.00 −5.39 − 32.9 1356 24 8
λ1246 = 0.6,λ1356 = 0.4 11.4 40.80 −2.10 − 4.8 13256 15 10
λ1246 = λ13256 = 0.5 9.0 30.00 −1.50

0.5

42
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Solving the Master Problem

z̄ = min 100y0 + 3λ1246 + 24λ1356 + 15λ13256 + 5λ1256

s.t. 18λ1246 + 8λ1356 + 10λ13256 + 15λ1256 ≤ 14 π1

y0 + λ1246 + λ1356 + λ13256 + λ1256 = 1 π0

y0 , λ1246 , λ1356 , λ13256 , λ1256 ≥ 0

master solution z̄ π0 π1 c̄� p cp tp
y0 = 1 100.0 100.00 0.00 − 97.0 1246 3 18
y0 = 0.22,λ1246 = 0.78 24.6 100.00 −5.39 − 32.9 1356 24 8
λ1246 = 0.6,λ1356 = 0.4 11.4 40.80 −2.10 − 4.8 13256 15 10
λ1246 = λ13256 = 0.5 9.0 30.00 −1.50 − 2.5 1256 5 15

0.5

42
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(2,3)

(10,1)

(2,2)

(1,7)

(1,1)

(1,2)

(1,10)

(10,3)

1

(5,7)

0.5

3 5(12,3)
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Solving the Master Problem

z̄ = min 100y0 + 3λ1246 + 24λ1356 + 15λ13256 + 5λ1256

s.t. 18λ1246 + 8λ1356 + 10λ13256 + 15λ1256 ≤ 14 π1

y0 + λ1246 + λ1356 + λ13256 + λ1256 = 1 π0

y0 , λ1246 , λ1356 , λ13256 , λ1256 ≥ 0

master solution z̄ π0 π1 c̄� p cp tp
y0 = 1 100.0 100.00 0.00 − 97.0 1246 3 18
y0 = 0.22,λ1246 = 0.78 24.6 100.00 −5.39 − 32.9 1356 24 8
λ1246 = 0.6,λ1356 = 0.4 11.4 40.80 −2.10 − 4.8 13256 15 10
λ1246 = λ13256 = 0.5 9.0 30.00 −1.50 − 2.5 1256 5 15
λ13256 = 0.2,λ1256 = 0.8 7.0 35.00 −2.00 0

0.2

42
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(2,3)

(10,1)

(1,7)

(1,1)

(1,2)

(1,10)

(10,3)

1

(5,7)

3 5(12,3)

(2,2)

0.8

arc flows: x12 = 0.8, x13 = x32 = 0.2, x25 = x56 = 1
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Solving the Master Problem

� remarks about the optimal RMP solution

0.2

42

6

(2,3)

(10,1)

(1,7)

(1,1)

(1,2)

(1,10)

(10,3)

1

(5,7)

3 5(12,3)

(2,2)

0.8

� we use 0.2 times path 13256
� we use 0.8 times path 1256, which is infeasible in the MP

� a lower bound on the optimal integer solution objective value is z̄ = 7.0

� we would have obtained the corresponding “arc flow” solution (with the same lower
bound) by solving the LP relaxation of the original IP
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Do you know it?

� do you know why the dual bound of the reformulation is no better than the LP
relaxation of the original formulation?

@mluebbecke · CO@Work 2020 · Column Generation, Dantzig-Wolfe Reformulation , Branch-Price-and-Cut · 58/86



Do you know it?

� do you know why the dual bound of the reformulation is no better than the LP
relaxation of the original formulation?

→ the polyhedron corresponding to the pricing problem has integer extreme points
→ solving the pricing problem in integers does not improve over the LP
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Overview

1 Column Generation

2 Dantzig-Wolfe Reformulation

3 Branch-Price-and-Cut
3.1 Cutting Planes
3.2 Branching

4 Dual View



Strong and Stronger

� using a Dantzig-Wolfe reformulation, we may obtain a stronger relaxation
� we can try to strengthen it even more by adding cutting planes



Cutting Planes on Original Variables

� typically, the literature is full of cutting planes in the original variables

min ctx
s.t. Ax ≤ b

Fx ≤ f valid inequalities with duals α
x ∈ X
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Cutting Planes on Original Variables

� typically, the literature is full of cutting planes in the original variables

min ctx
s.t. Ax ≤ b

Fx ≤ f valid inequalities with duals α
x ∈ X

� DW reformulation yields (added to the master):�

p∈P

fpλp +
�

r∈R

frλr ≤ f with fj = Fxj , j ∈ P ∪R
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Cutting Planes on Original Variables

� typically, the literature is full of cutting planes in the original variables

min ctx
s.t. Ax ≤ b

Fx ≤ f valid inequalities with duals α
x ∈ X

� DW reformulation yields (added to the master):�

p∈P

fpλp +
�

r∈R

frλr ≤ f with fj = Fxj , j ∈ P ∪R

� modified pricing: min{ctx− πtAx−αtFx− π0 | x ∈ X}

✎ keep in mind

usually, only the subproblem’s objective function is changed!
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Adding Rows and Columns works

� column generation is compatible with adding cutting planes
� but when the cuts are formulated in original variables, they may not be strong
� better try to exploit the new variables we have in the reformulation



Cutting Planes on Master Variables

� many applications have integer master variables, then try master problem cuts

min
�

p∈P

cpλp +
�

r∈R

crλr

s.t.
�

p∈P

apλp +
�

r∈R

arλr ≤ b

�

p∈P

gpλp +
�

r∈R

grλr ≤ g with duals β

�

p∈P

λp = 1

λ ∈ Z|P |+|R|
+

� the cuts’ dual variables may have a larger impact on the pricing problem
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Example: Odd Circuit Cuts

� given an undirected graph G = (V,E)

� edge-coloring problem: color all edges, no adjacent edges in same color
� this is a partitioning of the edges into matchings Nemhauser & Park (1991)

min
�

j∈J

λj

s.t.
�

j∈J

ajλj ≥ 1 // incidence vectors aj of matchings

λ ∈ {0, 1}|J| // one variable per matching

� pricing: min

�
1−

�

e∈E

πexe | x matching

�
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Example: Odd Circuit Cuts

let U ⊆ V with |U | odd
induce an odd circuit C
we need at least three
matchings to cover C

odd circuit cut :
�

j∈J

g(a(x))λj =
�

j∈J:j∩C �=∅
λj ≥ 3 [βC ]

� we introduce an additional binary variable y := g(a(x)) := 1 iff x intersects C

� and modify the pricing problem:

min

�
1−

�

e∈E

πexe − βCy | y ≤
�

e∈C

xe, x matching, y ∈ {0, 1}
�
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Reminder: We want to solve an Integer Program

� original problem:

min ctx
s.t. Ax ≤ b

x ∈ X

X = {x ∈ Zn
+ | Dx ≤ d}



So far we only solved Linear Programs

� the algorithm to solve integer programs is the LP based B&C algorithm
� branch-and-price(-and-cut) means

solving the LP relaxation in each node of the B&C tree by column generation

� we solved the root node so far



Dichotomic Branching on Original Variables

� the DW reformulation gave us the integer master problem

z∗IMP = min
�

q∈Q

cqλq +
�

r∈R

crλr

s.t.
�

q∈Q

aqλq +
�

r∈R

arλr ≥ b

�

q∈Q

λq = 1

λq ≥ 0 q ∈ Q

λr ≥ 0 r ∈ R

x =
�

q∈Q

xqλq +
�

r∈R

xrλr

x ∈ Zn
+
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Dichotomic Branching on Original Variables

� when x = x∗ ∈ Zn
+ we are done

� otherwise, there is an xi with x∗
i /∈ Z+

� create two branches via xi ≤ �x∗
i � and xi ≥ �x∗

i �
this is called dichotomic branching

� there are two options for doing so
// imposing the branching constraints in the master or in the pricing

� both options can be combined

� these ideas date back to Desrosiers, Soumis, Desrochers (1984)
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Branching on Original Variables: In the Master

� we only consider the down branch; the up branch is analogous // also called left branch

� we impose xi ≤ �x∗
i � in the master problem by adding the constraint

�

q∈Q

xqiλq +
�

r∈R

xriλr ≤ �x∗
i � [αi]

where xji is the i-th coordinate of xj , j ∈ Q ∪R
// this is like formulating a cutting plane on original variables
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Branching on Original Variables: In the Master

� we only consider the down branch; the up branch is analogous // also called left branch

� we impose xi ≤ �x∗
i � in the master problem by adding the constraint

�

q∈Q

xqiλq +
�

r∈R

xriλr ≤ �x∗
i � [αi]

where xji is the i-th coordinate of xj , j ∈ Q ∪R
// this is like formulating a cutting plane on original variables

� we already know how to respect the dual αi in the pricing:

min (ct − πtA)x− αixi

s.t. Dx ≥ d
x ∈ Zn

+
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Branching on Original Variables: In the Pricing

� alternatively, impose the branching constraint in the pricing

min (ct − πtA)x
s.t. Dx ≥ d

xi ≤ �x∗
i �

x ∈ Zn
+

� in this variant, we additionally need to forbid master variables that contradict the
branching decision:

� remove all variables λj from RMP with xji > �x∗
i �

� this is implemented by imposing a local bound λj ≤ 0
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Pros and Cons of the two Options

� branching constraints in the pricing or in the master?

1. min{ctx | Ax ≥ b, x ∈ conv(X), xi ≤ �x∗
i �} ≤

min{ctx | Ax ≥ b, x ∈ conv(X ∩ {x | xi ≤ �x∗
i �})}

“convexifying the branching constraints is potentially stronger”
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Pros and Cons of the two Options

� branching constraints in the pricing or in the master?

1. min{ctx | Ax ≥ b, x ∈ conv(X), xi ≤ �x∗
i �} ≤

min{ctx | Ax ≥ b, x ∈ conv(X ∩ {x | xi ≤ �x∗
i �})}

“convexifying the branching constraints is potentially stronger”
2. the subproblem character may change by imposing bounds on variables, potentially

making it harder to solve
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Pros and Cons of the two Options

� branching constraints in the pricing or in the master?

1. min{ctx | Ax ≥ b, x ∈ conv(X), xi ≤ �x∗
i �} ≤

min{ctx | Ax ≥ b, x ∈ conv(X ∩ {x | xi ≤ �x∗
i �})}

“convexifying the branching constraints is potentially stronger”
2. the subproblem character may change by imposing bounds on variables, potentially

making it harder to solve
3. by imposing bounds on subproblem variables, we are enabled to generate points in

the interior of conv(X); this is potentially necessary in integer problems
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Dichotomic Branching on Master Variables

� branching on master variables λj = λ∗
j /∈ Z is not advisable. why?
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Dichotomic Branching on Master Variables

� branching on master variables λj = λ∗
j /∈ Z is not advisable. why?

1. this may be wrong! // even though in binary programs. we are safe

2. the resulting tree is unbalanced : λj ≤ �λ∗� forbids almost nothing; λj ≥ �λ∗� enforces
much

3. a down branch λj ≤ �λ∗� can be very hard to respect in the pricing problem: how to
avoid re-generating λj?
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Our RCSPP Example Continued

� let us revisit the resource constrained shortest path example

0.2
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3 5(12,3)

(2,2)

0.8

� the solution we obtained for the root node is fractional in the original variables
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Branching on Fractional Arcs

� branch on fractional arc variables, like x12 = 0.8

0.2
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Branching on Fractional Arcs

� branch on fractional arc variables, like x12 = 0.8

3 5
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(1,1)
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(10,3)

1

(5,7)

branch x12 = 0

� in subproblem: arc (1, 2) is removed from graph

� in RMP: variables λ1246 and λ1256 must be eliminated;
re-optimization will give y0 > 0, i.e., infeasible RMP
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Branching on Fractional Arcs

� branch on fractional arc variables, like x12 = 0.8

3 5
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(1,7)

(1,1)
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1

(5,7)

branch x12 = 1

� in subproblem: arcs (1, 3) and (3, 2) are removed

� in RMP: eliminate master variables corresponding to paths containing these arcs
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Much more on Branching. . .

� when all your pricing problems are different, branching on original variables works well
� in particular when pricing problems are aggregated, different proposals available
� check specialized branching rules for set partitioning master Ryan, Foster (1981)
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Overview

1 Column Generation

2 Dantzig-Wolfe Reformulation

3 Branch-Price-and-Cut

4 Dual View



The Dual Point of View
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Row Generation

� remember the DW master problem

min
�

p∈P

cpλp +
�

r∈R

crλr

s.t.
�

p∈P

apλp +
�

r∈R

arλr ≥ b [π]

�

p∈P

λp = 1 [π0]

λp ≥ 0 ∀p ∈ P

λr ≥ 0 ∀r ∈ R.
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Row Generation

� this is its dual:

max btπ + π0

s.t. atpπ + π0 ≤ cp [λp] ∀p ∈ P

atrπ ≤ cr [λr] ∀r ∈ R

π≥ 0, π0 ∈ R.

� negative reduced cost in primal ↔ violated constraint in dual

� column generation in the primal is row generation in the dual
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Lagrangian Relaxation

� we (still!) wish to solve the original integer program:

zIP = min ctx
s.t. Ax ≥ b

Dx ≥ d
x ∈ Zn

+
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Lagrangian Relaxation

� we (still!) wish to solve the original integer program:

zIP = min ctx
s.t. Ax ≥ b

Dx ≥ d
x ∈ Zn

+

� relax complicating constraints, penalize their violation in objective function:

min
x∈Zn

+

{ctx+ πt(b−Ax) | Dx ≥ d}

� this gives a lower bound L(π) ≤ zIP for every π ≥ 0
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Lagrangian Dual Problem

� we are interested in the best (largest) such Lagrangian bound

max
π≥0

L(π) = max
π≥0

min
x∈Zn

+

{ctx+ πt(b−Ax) | Dx ≥ d}

� a lot is known about the Lagrangian dual function L(π)

� one typically maximizes it using a subgradient algorithm
// but we don’t need this here
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Lagrangian Bound in Column Generation

� assume π is a dual solution to our Dantzig-Wolfe RMP

L(π) = min
x∈Zn

+

{ctx+ πt(b−Ax) | Dx ≥ d}

= min
x∈Zn

+

{πtb+ (ct − πtA)x | Dx ≥ d}

= πtb+ min
x∈Zn

+

{(ct − πtA)x | Dx ≥ d}

� we cannot help it: column generation produces dual bounds
� the Lagrangian bound computes as

optimum of the RMP plus the optima of the pricing problems
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Development of Bounds
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Development of Bounds

� the bounds close at MP optimality
→ Lagrangian relaxation and DW reformulation are equivalent
→ optimal π from MP maximizes Lagrangian dual function
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Dual Bounds: RCSPP Example Revisited

zRMP = min 100y0 + 3λ1246 + 24λ1356 + 15λ13256 + 5λ1256

s.t. 18λ1246 + 8λ1356 + 10λ13256 + 15λ1256 ≤ 14 π1

y0 + λ1246 + λ1356 + λ13256 + λ1256 = 1 π0

y0 , λ1246 , λ1356 , λ13256 , λ1256 ≥ 0

master solution zRMP π0 π1 zSP p cp tp
y0 = 1 100.0 100.00 0.00 −97.0 1246 3 18
y0 = 0.22,λ1246 = 0.78 24.6 100.00 −5.39 −32.9 1356 24 8
λ1246 = 0.6,λ1356 = 0.4 11.4 40.80 −2.10 −4.8 13256 15 10
λ1246 = λ13256 = 0.5 9.0 30.00 −1.50 −2.5 1256 5 15
λ13256 = 0.2,λ1256 = 0.8 7.0 35.00 −2.00 0
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� we could have stopped before the last pricing (which can be costly!):
� zRMP + zSP = 9.0− 2.5 = 6.5 and �6.5� = 7.0

� when the optimum is integer one can stop as soon as �LB� = UB for a lower bound
LB and an upper bound UB on zMP
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Where to start?



Some Practical Advise

� avoid solving the pricing problem exactly, use heuristics if you can
� avoid solving the pricing problem exactly, use heuristics if you can
� avoid solving the pricing problem exactly, use heuristics if you can

� generate many columns per iteration, possibly also good for integer solutions
� if you have many pricing problems, don’t call all of them in each iteration

� monitor the Lagrangian (or other) dual bound, branch early when duality gap is small
� try using subgradient methods when the master re-optimization is costly
� try stabilizing dual variables (plot their development if you have issues)
� apply cutting planes, ideally in master variables
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Take-Away

� usually: problem → model → algorithm → implementation

� CG/B&P is not (only) about an algorithm
→ CG/B&P enables us to think different models

� this may lead to a different understanding of the problem
� configurations, combinations, selections, sequences, . . .
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