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Comparing Formulations

B

Two comparisons are most interesting to us:
» showing that two formulations are equivalent; and

» showing that one formulation dominates the other with respect to
linear relaxation.

The first of these tells us that if we solve the same instance with two
equivalent models, we will get the same answer from both models.

The second tells us which model is likely to be faster.
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Equivalent Formulations

B

To show that two formulations are equivalent, we must show:
1. that there exists a bijective mapping from one feasible region to the
other; and

2. that the optimal solutions from both models will be the same point
or region.
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Dominant Formulations

B

To show that formulation A dominates formulation B, we must show for
the linear relaxation:

» that no part of the feasible region (of the LP) for A steps outside the
feasible region (of the LP) for B; and

» that some part of the feasible region (of the LP) for A is strictly
inside the feasible region (of the LP) for B.
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Good Formulations

4B

Simple approaches that are likely to obtain a good formulation include:

» finding a compact formulation with respect to number of
integer/binary variables, and constraints;

> tightening the linear relaxation.

However, this is not the whole picture, and these suggestions are not
guaranteed to give fast models.
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Study: Travelling Salesman Problem

B

Recall the classical combinatorial optimisation problem introduced in
Martin Grotschel’s lecture on linear and mixed integer linear programming.
Here, we consider the assymetric version of that problem.

Definition (Travelling Salesman Problem)

Given a weighted di-graph, D = (V, A), where each node i € V
corresponds to a city and each arc (i, j) corresponds to paths between i
and j. Let ¢;; be the arc weights representing the distance between i and
J, such that ¢;; = ¢;; V (4,7) € A. Find a tour of minimal cost that visits
each city exactly once.

Burt, Maher, Witzig — Modelling 6 /50



TSP: A compact formulation

MTZ min Z Ci,jTij

(i,§)€A
st z(0t () =1 VielV,
z(6~ () =1 VieV,
wi—uj+ (V] =Dy <|V[=2 Vi#jj>1
ui—1 <y Vie V\{1},
V(i) € A,
u; € ZT VieV.

B

(out-degree)
(in-degree)

(sub-tour elim)

This is one of the most compact formulations of the TSP. However, it is

generally not used because it has a loose linear relaxation.
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TSP: A compact formulation

min g Ci,jTi5

(i,5)€A

st x(6T(i)) =1 VieV,
z(6~ (1) =1 VieV,
wi —uj + (|V] =D <|V[=2 Vi#jj>1,
Ui—1 < u; VieV\{1},
zij € {0,1} V (i, 7) € A,

VieV.

B

(out-degree)
(in-degree)
(sub-tour elim)

This is one of the most compact formulations of the TSP. However, it is

generally not used because it has a loose linear relaxation.
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TSP: A compact formulation

B

MTZ : miy Z Ci,j %

(i,5)€A
st x(6T (i) =1 VielV, (out-degree)

x(67(i)) =1 VielV, (in-degree)
ui—uj+ (V] —1Da;; <|V|—-2 Vi#j,j>1, (sub-tour elim)
ui—1 < u; Vie V\{1},
2 €{0,1} Y (i,§) € A,
u, €ZT VieV.

This is one of the most compact formulations of the TSP. However, it is
generally not used because it has a loose linear relaxation.
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TSP: A compact formulation

B

MTZ: min Z Ci i %45

(4,5)€EA
st.x(0t() =1 VieV, (out-degree)

z(07 () =1 VielV, (in-degree)
w—uj+ (V] —Da;; <|V|—2 Vi#j,j>1, (sub-tour elim)
i1 <y Vie V\{1},
z;; €{0,1} Y (i,4) € A,
u € 2T VieV.

This is one of the most compact formulations of the TSP. However, it is
generally not used because it has a loose linear relaxation.
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TSP: A compact formulation

MTZ min Z Ci,jTi 5

(i,§)€A
st z(0t () =1 VielV,
z(6~ (1) =1 VieV,
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VieV\{1},
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u; € ZT VieV.

B

(out-degree)
(in-degree)

(sub-tour elim)

This is one of the most compact formulations of the TSP. However, it is

generally not used because it has a loose linear relaxation.
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TSP: A tight formulation

B

min E Ci,jTi,j5

(4,5)€A

st. x(6T (i) = VieV, (out-degree)
(67 (1)) = VielV, (in-degree)
( (W ) | |—1 VYOCWCV, (sub-tour elim)

Y. eA

This formulation has a tighter linear relaxation than MTZ.

However, this formulation has exponentially many subtour elimination
constraints, since we must search the power set of V. The model is not
compact, and suffers computationally from this flaw if the complete model
is explicitly given to a solver.
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TSP: A tight formulation

B

DFJ . mir Z Ci,jTi,j

(i,j)eA
st z(01(i)) = vielV, (out-degree)
z(67(9) = vVielV, (in-degree)
r(A(W)) < | |—1 VYOCWCV, (sub-tour elim)
z;; €{0,1} v (i,5) € A.

This formulation has a tighter linear relaxation than MTZ.

However, this formulation has exponentially many subtour elimination
constraints, since we must search the power set of V. The model is not
compact, and suffers computationally from this flaw if the complete model
is explicitly given to a solver.
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TSP: A tight formulation

B
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TSP: A tight formulation

B

(i,4)€A

st z(0t(i) =1 vVielV, (out-degree)
(07 (i) =1 VielV, (in-degree)
z(AW)) <|[W|-1 VOCWCV, (sub-tour elim)
z;; € {0,1} v (i,5) € A.

This formulation has a tighter linear relaxation than MTZ.

However, this formulation has exponentially many subtour elimination
constraints, since we must search the power set of V. The model is not
compact, and suffers computationally from this flaw if the complete model
is explicitly given to a solver.
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TSP: A tight formulation

B

min E Ci,jTi,j5

(i,7)€A
st x(6T (1) = VieV, (out-degree)
x(67 (1)) = VielV, (in-degree)
‘ (AW)) < |W| — 1‘ VOCW CV, (sub-tour elim)
z;; € {0,1} v (i,4) € A.

This formulation has a tighter linear relaxation than MTZ.

However, this formulation has exponentially many subtour elimination
constraints, since we must search the power set of V. The model is not
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is explicitly given to a solver.
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Study: Travelling Salesman Problem

B

The best way to use the DFJ formulation is to avoid writing the complete
model explicitly.

We will look at how to do this, and implement it, in the lecture and
exercise on constraint integer programming by Ambros Gleixner, Gregor
Hendel and Felipe Serrano.
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Good Formulations

B

The algorithms that solve mathematical programming problems are
complex. Some heuristics within the algorithms may work better on less
compact formulations.

For example:
» Primal Heuristics search for feasible solutions.

» Polishing Heuristics search for improved solutions from incumbent
solutions (e.g., using local search)

» Cut Generator Heuristics will search for particular structure.
Martin Grotschel introduced us to the power of cuts in the lecture on
Basics of Polyhedral Theory.
In the lecture on Integer Programming, Tobias Achterberg will discuss
some of these heuristics.
However, as a general rule, using the guidelines on the previous slide is a
good start.
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The Equitable Coach Problem: base formulation

B

Consider the equitable coach time allocation problem where we wish to
determine the time each player can spend on the field. Let us define the
variables as follows:

z,; [integer] is the amount of time [minutes] 7 plays in position i;
[continuous] is the number of minutes player r plays above the
average;

+
e'f’

€, [continuous] is the number of minutes player r plays below the
average.

<

R is the set of players;
N is the set of positions;

T is the total number of game minutes.
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The Equitable Coach Problem: base formulation

ECPt:

min Z (e+
Zxr,i =T
Z%rm Z :T;%r = €,

1,7’
Tr; € L>o

e, e S R>0

e

_67

T

VieN,

VreR,

VreR, i€ N, teT,

This model has |R||N| + 2|R| variables and |N| + |R| constraints.

B
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The Equitable Coach Problem: base formulation

B

ECPt: minz (e+
me» =T VieN, (1)
me ZT;ﬂZ_ t—e VreR, (2)

i,r’
Tyi € Z>0 VreR,i€N, teT,
ej,e; € R>g.

This model has |R||N| + 2|R| variables and |N| + |R| constraints.
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The Equitable Coach Problem: base formulation

ECPt: min
Zxr,i =T

Z%r 4 Z :T;%r r

i,r’

Ty € Lo

67—1_767‘ € R>0

VieN,

—¢€, VreR,

VreR, i€ N, teT,

This model has |R||N| + 2|R| variables and |N| + |R| constraints.

B
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The Equitable Coach Problem: base formulation

ECPt: minz (e+
5o =1]

Z%r 4 Z :T;%r €r

i,r’

Ty € Lo

e, e S R>0

T er

_67

T

VieN,

VreR,

VreR, i€ N, teT,

This model has |R||N| + 2|R| variables and |N| + |R| constraints.

B
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The Equitable Coach Problem: base formulation

B

ECPt . minz (6+
Zx =T VieN, (1)
T
" et —e| VreR, (2)
RS
$r,i€Z>0 VreR,i€N, teT,

6:_, €, € R>0

This model has |R||N| + 2|R| variables and |N| + |R| constraints.
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The Equitable Coach Problem: noncompact

B

Consider the equitable coach time allocation problem where we wish to
determine the time each player can spend on the field. Let us define the
variables as follows:

z,;¢ [binary] is 1 if player 7 plays in position ¢ in minute ¢;

¢, [continuous] is the number of minutes player r plays above the
average;

€, [continuous] is the number of minutes player r plays below the
average.

R is the set of players;
N is the set of positions;

T is the total number of game minutes.
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The Equitable Coach Problem: noncompact

B

ncECPt : minz (e+
> wrie =M, Vi€ N, (3)
t,r
Tt 4.t
me’t - Z W S 6:1_ Vre R, (4)
t,% t,i,r’
ZmT” metf €. VreR, (5)
t,i,r!
xmte[()l] VreR, i€ N, teT,
e e € R>g.

This model has |R||N||T| 4+ 2|R| variables and | N| 4 2| R| constraints.
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The Equitable Coach Problem: noncompact

IR
ncECPt : minz (e;" + er_)
Zxﬂi,t = M; Vie N, (3)
t,r
Tt 4.t

me‘,t - Z W <ef VreR, (4)

t,e t,i,r’

STty wna<e  VreR, (5)
t,i,r’ |R| t,t

Tt € [0,1] VreR,i€N, tcT,

e;",e,f € R>yo.

This model has |R||N||T| + 2|R)| variables and |N| + 2|R| constraints.
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The Equitable Coach Problem: noncompact

B

ncECPt: min
D wrie =M, Vi€ N, (3)
t,r
Tt 4.t
me’t - Z W S 6:1_ Vre R, (4)
t,% t,i,r’
ZmT” metf €. VreR, (5)
t,i,r!
xr,ite[01] VreR, i€ N, teT,
e e € R>g.

This model has |R||N||T| 4+ 2|R| variables and | N| 4 2| R| constraints.
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The Equitable Coach Problem: noncompact

B

ncECPt : minz (e+
Y @i = M; Vie N, (3)
Tt 4.t
me’t - Z W S 6:1_ Vre R, (4)
t,% t,i,r’
ZmT” metf €. VreR, (5)
t,i,r!
xr,ite[01] VreR, i€ N, teT,
e e € R>g.

This model has |R||N||T| 4+ 2|R| variables and | N| 4 2| R| constraints.
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The Equitable Coach Problem: noncompact

B

ncECPt minz (6 +¢)
Zxr,i,t = M; Vie Na (3)
t,r
Tt gt
Zl’r,i,t - Z ] <ef VréeR, (4)
t,1 t,i,r!
>, x‘Rf ~> mii<e  VYreER, (5)
t,i,r! t,i
Trie € [0,1] VreR i€N, teT,

e e € Rzo.

rocr

This model has |R||N||T| + 2|R| variables and |N| + 2|R| constraints.
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The Equitable Coach Problem: noncompact

B

ncECPt : minz (ej‘ + er_)
D arie=M; VieN, (3)
t,r
Tt 4.t
Zfﬂm‘,t - Z W <ef VreR, (4)
t,i t,i,r!
qz(glt — me”t <e€,. VreR, (5)
t,1,r t,i
Ty € [0,1] VreR, i€ N, teT,
e e € Rxo.

This model has |R||N||T| + 2|R| variables and |N| + 2| R| constraints.
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ncECPt and ECPt Equivalence

ZIB
Proposition
ECPt and ncECPt are equivalent models.
Proof.

Since x,; € Z>0, Y, Tr,it = Tr;. With this substitution, it is clear that
constraint (1) is equivalent to constraint (3). Using the substitution into
constraints (4) and (5) gives:

DY :TR\ <ef VreR, (3)
Z TH - Z Ty < € VreR. (4)

Since we minimise €, and €, , € will take on the positive difference or 0, and
e, will take on the negative difference or 0. Thus constraint (2) is equivalent to
constraints (4) and (5). The feasible regions are therefore equivalent. The
objective functions are the same, so the optimal solutions will be equivalent. [
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ncECPt and ECPt Equivalence

B

So, we have shown that EC Pt and ncEC Pt are equivalent.

However, the original model EC' Pt has only |N||R| + 2|R| variables and
|N| + |R| constraints.

This is significantly less variables and constraints than the ncEC Pt
model, which has |R||N||T| 4+ 2|R| variables and |N| + 2|R| constraints.

Is it significant enough to make a difference to solve times?
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The Equitable Coach Problem: aggregated model

B

We now consider the version of the ECP where we allocate players to
positions at particular times.

x;+ [binary] is 1 if player  plays in position class i in play period t;

e, [continuous] is the number of periods player r plays above the
average;

¢, [continuous] is the number of periods player r plays below the
average.

is the set of players;

is the set of position classes;

N 2

is the total number of game minutes.
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The Equitable Coach Problem: aggregated model

B

aggECPd: min Z (6 +¢)
> wpiv =R VieN,teT, (5)
D i<l VreR, teT,  (6)
Ty it _
Zxr,i,t - Z W = 6:_ — €, VreR, (7)
t,0 t,i,r!
Ty € [0,1] VreR, ieN, teT,
e;L, €. € R>p.
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The Equitable Coach Problem: aggregated model

B

aggECPd : minz (6 +€)
T
> Trie=Ri VieN, teT,  (5)
T
> a4 <1 VreR teT,  (6)
Ty it _
Zxr,i,t - Z W = E:_ —€. VreR, (7)
t,2 t,i,r’
Tt € [0,1] VreR,ieN, teT,
Ej_, €. € Rzo.
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The Equitable Coach Problem: aggregated model

B

aggECPd : min
> wpiv =R VieN,teT, (5)
D i<l VreR, teT,  (6)
Ty it _
Zxr,i,t - Z W = 6:_ — €, VreR, (7)
t,0 t,i,r!
T4t €[0,1] VreR, ieN, teT,
ef e € R>o.
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The Equitable Coach Problem: aggregated model

B

aggECPd: min Z (6 +¢)
> |20 =R; VieN,teT, (5)
D i<l VreR, teT,  (6)
Ty it _
Zxr,i,t - Z W = 6:_ — €, VreR, (7)
t,0 t,i,r!
T4t €[0,1] VreR, ieN, teT,
€, €. € Rxg.
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The Equitable Coach Problem: aggregated model

B

aggECPd: min Z (6 +¢)
> wpiv =R VieN,teT, (5)
S Jorin <1 VreR teT,  (6)
Ty it _
Zxr,i,t - Z W = 6:_ — €, VreR, (7)
t,0 t,i,r!
T4t €[0,1] VreR, ieN, teT,
ef e € R>o.
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The Equitable Coach Problem: aggregated model

aggECPd : minz (eF +¢)
Zﬂﬁm‘,t =R,
Zxr,i,t <1

Ty! it +
er it E 5 — €& —€
2y R
t,1 t,i,r! | |
Trit € [0, ].]
+ -
€.,€. € RZO'

B

VieN, teT, (5)
VreR, tel, (6)
VreR, (7)

Vre R, 1€ N, teT,
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The Equitable Coach Problem: disaggregated model

We now consider the version of the ECP where we allocate players to
positions at particular times.

x4 [binary] is 1 if player r plays in position ¢ in play period ¢;

e, [continuous] is the number of periods player r plays above the
average;

¢, [continuous] is the number of periods player r plays below the
average.

is the set of players;

is the set of positions;

N 2

is the total number of game minutes.

B
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The Equitable Coach Problem: disaggregated model

B

ECPd: min)_ (ef +¢;)
ixm,t =1 Vtet,ieN, (8)
ixm,t <1 VteT,r €R, (9)
;mm’t - tZ/ % =¢ —¢, VreRr, (10)
| Tt € [(,),71] VreR, i€ N, teT,

€, € € Rxo.
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The Equitable Coach Problem: disaggregated model

B

ECPd : minz (6 +¢€)

D wie =1 VteticN, (8)

-

D w1 VteT,reR, (9)

Tyt it _

me-,t — Z W = Gj_ — €, VreR, (10)

t,t t,i,r!
Trit € [0,1] VreR, i€ N, teT,
e;”,e; € R>yo.
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The Equitable Coach Problem: disaggregated model

B

ECPd: miny (¢ +¢)]
ixm,t =1 Vtet,ieN, (8)
ixm,t <1 VteT,r €R, (9)
;mm’t - tZ/ % =¢ —¢, VreRr, (10)
| xr,i,te[(,)il] VreR, i€ N, teT,

€, € € Rxo.

Burt, Maher, Witzig — Modelling 46 / 50



The Equitable Coach Problem: disaggregated model

B

ECPd: minz (6 +¢€)
T

> [wrin =1 VtetieN, (8)

me,t <1 VteT,r €R, 9)
Tt 4.t _
Zmr,’i,t - Z W = 6:1_ — €, Vre R, (10)
t,i t,i,r’
Trie € [0,1] VreR,i€N, teT,

€, € € Rxo.
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The Equitable Coach Problem: disaggregated model

B

ECPd: min)_ (ef +¢;)
ixm,t =1 Vtet,ieN, (8)
VteT,r€R, (9)
;mm’t - tZ/ % =¢ —¢, VreRr, (10)
| xr,i,te[(,)il] VreR, i€ N, teT,

€, € € Rxo.
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The Equitable Coach Problem: disaggregated model

B

ECPAd: minz (efnr + e;)
sz,t =1 VtetieN, (8)
D i <1 VteT,reR, (9)
Tt 4.t _
Dlanie= Y Tt =l o | VreR, (10)
t,2 t,i,r!
T € [0,1] VreR, ieN, teT,

e e € Rzo.

T
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The Equitable Coach Problem: disaggregated model

B

This model performs better because the algorithms detected a
Set-Packing constraint structure in the model. This can be seen by the
number of setppc constraints in the SCIP output statistics.

This structure is well studied, and there are many known cuts for this type
of structure. The topics of structure and cuts will be discussed in more
detail in the coming days.
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