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Leuthardt Survey

(Leuthardt 1998, Kostenstrukturen von Stadt-, Uberland- und Reisebussen, DER NAHVERKEHR 6/98, pp. 19-23.)

bus costs (DM) urban % regional %
crew 349,600 73.5 195,000 67.5
depreciation 35,400 7.4 30,000 10.4
calc. interest 15,300 3.2 12,900 4.5
materials 14,000 2.9 10,000 3.5
fuel 22,200 4.7 18,000 6.2
repairs 5,000 1.0 5,000 1.7
other 34,000 7.1 18,000 7.2
total 475,500 100.0 288,900 100.0
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Vehicle Utilization
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"Camel Curve"
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Sea Freight

(Koopmans 1965, 7 sources, 7 sinks, all sea links)

freesenaet”

EFFICIENT GRAPH OF BALLAST TRAFFIC

Based on world dry cargo movements
in 1913,

Figures at ports: Net surplus of
emptly ships.

Figures along routes: Optimal flows A
of ballast traffic.

All figures in millions of metric tons
per month.

Ralf Borndorfer
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Optimal Allocation of Scarce Resources

(Nobel Price in Economics 1975)

B

»Leonid V. Kantorovich »Tjalling C. Koopmans
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Single Depot Vehicle Scheduling

» The Assignment Problem
» Input: 3 Buses, 3 trips, costs
» Output: cost minimal assignment

Ralf Borndorfer

Buses

Solution
Cost = 20

Trips

03.10.2009 11



Single Depot Vehicle Scheduling

Buses
Trips
» The Greedy-Heuristik
» heuretikos (gr.): inventive
heuriskein (gr.): to find




Single Depot Vehicle Scheduling

Buses

Solution
Cost = 16

@ @ @ Trips

» The Greedy-Heuristik

» heuretikos (gr.): inventive
heuriskein (gr.): to find
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Single Depot Vehicle Scheduling

Buses
Optimum
Cost = 15
0, © s
»The "Primal Problem" »The "Dual Problem”
»Minimum Cost »Maximum Sales Revenues
»Assignment »"Shadow Prices"




Mathematical Models

(Assignment Problem)

min 3X, +3X, +4X 5
+3X,, |+ Xy +6X,,
+1Xy,  +EXy, ) +10Xg,

S.t. X4 +Xy, X3 =1

Xog | +X50 +Xyq =1
X31 + X3 X33 =1l
X Xy X3 =1
X5 X5 T X3 =1l
X3 +X53 X33 =1
Xi,  yeeen Xy >0
M Oor}
» Graph Theoretic Model » Integer Programming Model

» Linear Programming Relaxation
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"Shadow Prices"

ECONOMIC POTENTIAL FUNCTION
OF THE LOCATION OF A SHIP

Based en optimal routing of ballast
traffic for 1913.
Figures at ports; Foeonomic potential

Figures along routes: Sailing time in
months reguired {o iraverse the
route in ballast.

of the appearance of 2 ship. AN

e——e— 092 ——

Ralf Borndorfer
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Single Depot Vehicle Scheduling

» The ,,Successive Shortest Path* Algorithm

03.10.2009 17
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Single Depot Vehicle Scheduling

Buses

Bound
cost =0
Partial sol.
cost =0

Trips

» The ,,Successive Shortest Path*“-Algorithm
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Single Depot Vehicle Scheduling

@|—O Buses

Bound
cost = 10
Partial sol.

cost = 3
Trips

+4

» The ,,Successive Shortest Path* Algorithm
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Single Depot Vehicle Scheduling

Buses

Bound
cost = 10
Partial sol.

cost = 3
Trips

» The ,,Successive Shortest Path* Algorithm
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Single Depot Vehicle Scheduling

@|—O Buses

Bound
cost = 10
Partial sol.

cost = 6
Trips

+0

» The ,,Successive Shortest Path* Algorithm
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Single Depot Vehicle Scheduling

Buses

Bound
cost = 10
Partial sol.

cost = 6
Trips

» The ,,Successive Shortest Path* Algorithm
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Single Depot Vehicle Scheduling

Buses

Bound
cost = 15
Partial sol.
cost = 15

» The ,,Successive Shortest Path* Algorithm
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Single Depot Vehicle Scheduling

Buses

Bound
cost = 15
Partial sol.
cost = 15

Trips

» The ,,Successive Shortest Path* Algorithm
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Single Depot Vehicle Scheduling

Buses

Bound
cost = 15
Solution
cost = 15

Trips

» The ,,Successive Shortest Path* Algorithm
» Path Search
» Solution + Proof
» Efficient

Ralf Borndorfer
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~# Standard Performance Evaluation Corporation

CINT2000 (Integer Component of SPEC CPU2000):

Benchmark Language Category Full Descriptions
164.gzip C Compression HTML Text
175.vpr C FPGA Circuit Placement and Routing HTML Text
176.gcc C C Programming Language Compiler HTML Text
181.mcf C Combinatorial Optimization HTML Text
186.crafty C Game Playing: Chess HTML Text
197 .parser C Word Processing HTML Text
252.eon C++ Computer Visualization HTML Text
253.perlbmk C PERL Programming Language HTML Text
254.gap C Group Theory, Interpreter HTML Text
255.vortex C Object-oriented Database HTML Text
256.bzip2 C Compression HTML Text
300 .twolf C Place and Route Simulator HTML Text

webmaster@spec.org

Last updated: Fri Sep 26 11:10:06 EDT 2003

Copyright © 1995 - 2004 Standard Performance Evaluation Corporation
URL: http://www. spec.org/osg/cpu2000/CINT2000/index. hitml
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Vehicle Scheduling

» Input
Timetabled and deadhead trips
Vehicle types and depot capacities
Vehicle costs (fixed and variable)

» Output
Vehicle rotations

» Problem
Compute rotations to cover all timetabled trips

» Goals
Minimize number of vehicles
Minimize operation costs
Minimize line hopping etc.

Ralf Borndorfer
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Graph Theoretic Model
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Vehicle Scheduling

O—0

‘

O—0O
(R dRw iy

» Definition + cost of deadhead trips
» Precise control at point, time, or trip
» Changes of vehicles, lines, modes, turning, etc.
» Automatic generation of pull-out-pull-in trips
» Maintencance of all possible deadhead trips

» Depot capacities (soft)

Ralf Borndorfer
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Timelines
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Integer Programming Model

min T3
>3
DRI NN
PR

Ralf Borndorfer

INA

0.1}

v ij,d

Vehicle flow

Aggregated flow
Timetabled trips
Depot capacities

Deadhead trips
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Theoretical Results

» Observation: The LP relaxation of the Multicommodity
Flow Problem is in general not integer.

» Theorem: The Multicommodity Flow Problem is NP-hard.

» Theorem (Tardos et. al.): There are pseudo-polynomial
time approximation algorithms to solve the LP-relaxation
of Multicommodity Flow Problems which are faster than
general LP methods.

03.10.2009 35
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Lagrangean Relaxation

min C'X = max min c'x + A(b—Ax)
AX = b Bx = d
Bx = d x >0
X > 0
— mflx f(A) = max miin c'x. + Ab-Ax)

P(A,0)~P(B,a)

03.10.2009 37
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Vorführender
Präsentationsnotizen
Since we can not solve the integer program directly, we relax the coupling constraints by Lagrangean relaxation. 
This puts the constraints into the objective function. And decomposes the problem again into the vehicle and the duty scheduling component, which are now coupled by reduced cost dependent on the Lagrangean multipliers. We also relax the integrality of the duty scheduling problem, to speed up the algorithm. 
We use this model to calculate dual information, such as a lower bound, on the problem restricted to the actual generated set of duties, and primal information, that is a approximation of a optimal solution of the LP-relaxation of the coupled problem.


O
Bundle Method
(Kiwiel [1990], Helmberg [2000])

» max f(1):=minc'x+A"(b-Ax)
xeX

X polyhedral (piecewise linear)

ra T T
f,(A)=c'x,+4 (b-Ax,)

fk(i) = minf, (1)
ﬂEJk

Acs1 = argmaxfk (1) ——Hﬂ
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Vorführender
Präsentationsnotizen
Now we want to outline, how we calculate primal information of a Lagrangean relaxation of a LP with the bundle method.
The bundle method in general is a method to minimize (possibly non-smooth) convex unbounded functions. We will show here the case of  a polyhedral (piecewise linear) function f, which arises in Lagrangean relaxation of linear programs. 
A detailed description of the bundle method can be found in various publications, for example, by Kiwiel or Helmberg. Various extensions of the bundle method exist, such as for coupled problems, epsilon-subgradients, or for introducing bounds on the lambdas. 
The bundle method now works as follows: It calculates linearizations f bar of f at some point lambda, given by the function value at lambda and a subgradient at that point.  A subgradient of f is given by the residuum of the relaxed constraints. We then build a cutting plane model f hat of f by a subset of the linearizations, which were calculated in the course of the algorithm. This subset is the so called bundle of linearizations, which gives this method its name. At the begin the bundle contains only one element. The next trial point is then calculated by a quadratic problem, which maximizes over the cutting plane model minus a quadratic term, which penalizes the deviation of the next trial point to some stability center lambda hat, which is moved throughout the algorithm, if the corresponding function value improves by a certain threshold.  Then a new linearization is calculated at the new trial point, this improves the cutting plane model, until the stability center is moved, or optimality can be proven by showing that zero is in the subgradient of f at the actual stability center.

We will now take a closer look, at the determination of the next trial point


=
Primal Approximation

A

ﬂ“k+1:ik+% Z a,u(b_AXy) L

peld, fk+1

Xks1= D, XXy
ued,

f (1) =c'X, +A(b—AX,)

}“k+1 A

» Theorem

= (X )ken CONverges to a point X e {x: Ax =b,x € X}
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Vorführender
Präsentationsnotizen
The next trial point can now be calculated by going from the stability center in the direction of the aggregated subgradient. The alphas also give a linearization of hat f at the new trial point, which can be added to the bundle. It can be shown, that the bundle method converges, if the bundle only contains this aggragated subgradient and the new one calculated at the new trial point lambda k+1. 
 
The norm of the aggregated subgradients converges to zero. And this implies, that also the convex combination of primal solutions  converges to an optimal solution of the LP-relaxation of the original problem. 


=
Quadratic Subproblem

(1)

< (2

< (3

Ralf Borndorfer

maxfk (1)——”2 ﬂkH

max Vv —u?kHﬂ -y

st v<f,(4), forall ueJ,

_ o1

max > a,f,(A)-—| > a,(b-Ax,)
PR Y e

S.t. Z a, =1
JZISNN

O<e, <1  forall xeJy
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Vorführender
Präsentationsnotizen
At first we replace the piecewise linear model f hat by a linear term and some additional constraints. Every lambda which is optimal for (2) is also optimal for (1).
Now this quadratic problem is very high dimensional, remember, we may have up to 150.000 coupling constraints, which is also the dimension of the lambdas. 
We can get rid of the high dimensional lambda, by using the Karush-Kuhn-Tucker conditions and some transformations of the term. This can also be seen as a kind of dualization of the problem. The variables alpha can then interpreted as duals to the linearization of f and (3) can be interpreted, as searching a convex combination of the linearizations in the bundle J, with maximum function value, penalized by the norm of the aggregated subgradient. The dimension of alpha is exactly the number of elements in the bundle J k, which can be controlled under preserving the convergence of the algorithm. 


Bundle Method

(IVU41 838,500 x 3,570, 10.5 NNEs per column)

450 I
400 L.
350
300
250
200 -
oL bundle
volume
100 | _ _
barrier
50 |- cascent _
ol | | | | | | |
0 20 40 60 80 100 120 140 sec
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Lagrangean Relaxation |

min ZZCSXS

qu —ijk = 0  Vjd Vehicleflow
ZZX” —ZZXJK = 0 vV j  Aggregated flow
ZZXS = 1 Vv j  Timetabled trips
d i

> X, < x, Vd  Depot capacities
]

X’ e {0,3 Vij,d Deadhead trips

1]
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Lagrangean Relaxation |

max min E E cij?'xi‘}'
A -
d i

TIH-IT6
»
2

d

Xij

IA

S

0 V]
1 Y
Kk, Yd
{03 Vijd

» Subproblem: Min-Cost-Flow (single-depot)

Ralf Borndorfer

T4

Vehicle flow
Aggregated flow

Timetabled trips
Depot capacities

Deadhead trips
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Lagrangean Relaxation Il

min - Y Y cix;
d i

DX =X = 0  Vjd Vehicleflow

i K

dIX =Y ¥x, = 0 vV j  Aggregated flow
d i d Kk

> x = 1 Vv j  Timetabled trips
d i

D X < kx, Vd  Depot capacities
]

X’ e {0,3 Vij,d Deadhead trips

J|
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Lagrangean Relaxation Il

max min Zd:;ci‘j’xi‘j’ + A Kl—zdlzi:xi‘j’j

DX =X, =0 Vijd Vehicle flow

[ k

Zd: . X; —Zdlzk:xfk = 0 Y j Aggregated flow
Timetabled trips

D X < Kk, Vd Depot capacities

)

X; e {01} Vij,d Deadhead trips

» Subproblem: Several independent Min-Cost-Flows
(single-depot)

Ralf Borndorfer
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Heuristics

» Cluster First - Schedule Second
» "Nearest-depot" heuristic
» Lagrange Relaxation Il + tie breaker

» Schedule First - Cluster Second
» Lagrange relaxation |

» Schedule - Cluster - Reschedule
» Schedule: Lagrange relaxation |
» Cluster: Look at paths
» Solve a final min-cost flow

» Plus tabu search
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Lagrangean Relaxation Algorithm
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Computational Results

BVG HHA VHH
depots 10 14 10
vehicle types 44 40 19
timetabled trips 25,000 16,000 5,500
deadheads 70,000,000 15,100,000 10,000,000
Cpu mins 200 50 28

Ralf Borndorfer
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Umlaufoptimierung mit MICROBUS 2 (© sWB Bus & Bahn

Erzielte Einsparungen durch die Umlaufoptimierung:

Im Busbereich wurden bei einer Gesamtzahl von knapp tber
200 Fahrzeugen 5 Busse eingespart.

Im Bahnbereich wurden aufgrund der fehlenden Leerfahrt-
und Uberholmdglichkeiten keine Fahrzeuge eingespart.

Slide of SWB

Heiko Klotzbiicher 26.02.2002



» Introduction

» Single Depot Vehicle Scheduling

» Multiple Depot Vehicle Scheduling
» Lagrangean Relaxation

» Extensions
>
» Integrated Vehicle and Duty Scheduling
» Trip Scheduling

Ralf Borndorfer
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Trip Shifting
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Integer Programming Model

(Multicommodity Flow Problem)

min - Y Y ¢ X

de ij

que ijke
DRSPS

d,e | de Kk

22X

de i
ZXOJS

x.‘_j

ije
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IA

0.1}

vV J,d,e Vehicle flow

V] Aggregated flow
V] Timetabled trips
vV d Depot capacities

Vij,d,e Deadhead trips
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» Introduction

» Single Depot Vehicle Scheduling

» Multiple Depot Vehicle Scheduling
» Lagrangean Relaxation

» Extensions
» Trip Shifting
>
» Trip Scheduling

Ralf Borndorfer
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Efficiency

53,44% —58,00% —63,90%

100
£ _ 90 -
o =
‘52 807
>3 70 -
;2
S O 60
= )
LIJ 50 I I I I I I I

5 60 65 70 75 80 85 90
Efficiency of Vehicle Schedule [%]

(A) Sequential Scheduling
(B) Duty Oriented Vehicle Scheduling
(C) Integrated Scheduling
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=
Regional Scenarios

6:00 1—~= 2 oo

2
l !

hh:mm timetabled trip —— deadhead trip (1:00)

» Max. duty time 8:00
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Vorführender
Präsentationsnotizen
We now want to present the graph theoretical and integral programming models, which are the basis of our algorithm.
The canonical model for the vehicle scheduling problem is a multi-commodity flow problem with a commodity for each valid vehicle type/depot combination. The timetabled trips are the nodes in the graph and the deadhead trips the arcs. The source and the sink are artificial nodes representing the depots. 
A major problem in the vehicle scheduling is the large number of arcs, arising by so called pull-in-/pull-out-trips. These are trips where a vehicle enters a depot, stands there for a certain time, and then begins another rotation with a pull-out-trip.  If we would add all of these trips explicitly to the graph, we would have millions of arcs. A solution of this problems is for example dynamic generation of these trips as described in the PhD thesis of Löbel. A feasible vehicle schedule is now a valid flow in the network covering each timetabled trip. 


Integer Programming Model

(ISP) min c'X + d'y
(1a) NP°x =0, V depots D
(1b) X(5°'(Vv)) -1 VveV\i{t}
(1c) x(5™(V)) —1 VveV\{s}
(2a) Ay =1
(2b) By <b
(3) Cx — Dy =0

x €{0,3", vy e{0,1}"
1, if deadhead d covers duty element t
{O, else
|3 if duty d covers duty elements t
“© {O, else

Ralf Borndorfer

Cy =

t
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Lagrangean Relaxation

f(A):=
max min (¢c' -A'C)x+ max (d'-A'D)y
A x fulfills (1) and y fulfills (2) and
~xe{oqy” o yelor .
=1, (4) =15 (4)

» Dual Problem: Find multipliers A maximizing f

» Primal Problem: Find fractional solution
(X,y)e[0,1]™" fulfilling (1), (2), (3)
» Note: Integrality relaxed

Ralf Borndorfer
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Vorführender
Präsentationsnotizen
Since we can not solve the integer program directly, we relax the coupling constraints by Lagrangean relaxation. 
This puts the constraints into the objective function. And decomposes the problem again into the vehicle and the duty scheduling component, which are now coupled by reduced cost dependent on the Lagrangean multipliers. We also relax the integrality of the duty scheduling problem, to speed up the algorithm. 
We use this model to calculate dual information, such as a lower bound, on the problem restricted to the actual generated set of duties, and primal information, that is a approximation of a optimal solution of the LP-relaxation of the coupled problem.


» Introduction

» Single Depot Vehicle Scheduling

» Multiple Depot Vehicle Scheduling
» Lagrangean Relaxation

» Extensions
» Trip Shifting
» Integrated Vehicle and Duty Scheduling
>

Ralf Borndorfer
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Trip Scheduling

» Input
Lines with lengths and speed profiles
Passenger volume, frequency, and regularity profiles
Vehicle types with speeds and capacities
Depot capacities

» Output

Trips and vehicle rotations for all lines
» Problem

Schedule trips and vehicle rotations to transport passengers
» Goals

Maximize trip regularity
Minimize number of passengers left behind
Minimize number of vehicles
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Graph Theoretic Model

7

4&&S§sh%l

A

XKL Sy SO

v«‘a‘ \/ e K <
,o%«v;t,{/' <\ AL % "'62929!/’
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Integer Programming Model
min

2. 2%,
ZX., - 2%
ZZX.,
Z > ¥

ijeH,

ZZK“

ijeH,
ZXOJ
]

d

Xij
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IA

vV

vV

IA

0 Vijd
1 VY
f,  VH,
d, VH,
x,  Vvd
0,3 vij,d

Vehicle flow
Timetabled trips

Frequencies
Pax volume
Depot capacities

Deadhead trips
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Computational Results

1 2
lines 11 38
vehicle types 2 2
frequency 12 38
hours 3 3
pax/line/hour > 1,000 > 1,000
vehicles ~ 300 ~ 700

Ralf Borndorfer
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Thank you for your attention.
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