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BVG Annual Statements 2004 (1)
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BVG Annual Statements 2004 (2)
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bus costs (DM) urban % regional %

crew 349,600 73.5 195,000 67.5

depreciation 35,400 7.4 30,000 10.4

calc. interest 15,300 3.2 12,900 4.5

materials 14,000 2.9 10,000 3.5

fuel 22,200 4.7 18,000 6.2

repairs 5,000 1.0 5,000 1.7

other 34,000 7.1 18,000 7.2

total 475,500 100.0 288,900 100.0

Leuthardt Survey
(Leuthardt 1998, Kostenstrukturen von Stadt-, Überland- und Reisebussen, DER NAHVERKEHR 6/98, pp. 19-23.)
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A Duty Scheduling System for Public Transit
(Microbus 2 by IVU Traffic Technologies AG)
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Delta, Northwest file Chapter 11
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An Airline Crew Scheduling System
(NetLine/Crew by Lufthansa Systems Berlin GmbH)

Vorführender
Präsentationsnotizen
This is what the problem looks like in a commercial scheduling system, in this case the NetLine/Crew system of Lufthansa Systems. You see the ac rotations above, and the pairings that cover them below. 
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Telebus
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Telebus History
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Tour Scheduling System
(IntraCity by IntraNetz GmbH)
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Charnes & Miller 1956

Merton H. Miller

Nobelpreis für Ökonomie 1990 
m. Markowitz und Sharpe

+ rules

Abraham Charnes

Finalist für den Nobelpreis für 
Ökonomie 1975
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Integer Programming Approach

►Graph theoretic model ►Algebraic model
(Integer Program)

x1 x2

x3

x4

x5

Min  x1 + x2 + x3 + 1.2x4 + 1.2x5

4 ≤  x1 +  x4

1 ≤  x1 +  x5

9 ≤  x3 +  x5

5 ≤   x3 +  x4

6 ≤   x2 +  x4

3 ≤   x2 +  x5

x ≥ 0

x integer

14
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Graph Theoretic Model

deadhead triptimetabled trip

Vorführender
Präsentationsnotizen
We now want to present the graph theoretical and integral programming models, which are the basis of our algorithm.
The canonical model for the vehicle scheduling problem is a multi-commodity flow problem with a commodity for each valid vehicle type/depot combination. The timetabled trips are the nodes in the graph and the deadhead trips the arcs. The source and the sink are artificial nodes representing the depots. 
A major problem in the vehicle scheduling is the large number of arcs, arising by so called pull-in-/pull-out-trips. These are trips where a vehicle enters a depot, stands there for a certain time, and then begins another rotation with a pull-out-trip.  If we would add all of these trips explicitly to the graph, we would have millions of arcs. A solution of this problems is for example dynamic generation of these trips as described in the PhD thesis of Löbel. A feasible vehicle schedule is now a valid flow in the network covering each timetabled trip. 
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Graph Theoretic Model

task of a duty

Vorführender
Präsentationsnotizen
For the duty scheduling we have to split the timetabled trips at the relief points into tasks, to model the possibility to change a driver during a trip.
The deadhead-trips are also split into paths with at least one node. Each node in these paths represent tasks for the drivers. In general deadhead trips may consist of more then one task. The arcs in this graph represent the possibility, that two tasks can be performed subsequently by the same driver.
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Graph Theoretic Model

change-overs for drivers

Vorführender
Präsentationsnotizen
Now we add arcs for potential changeovers of a driver from one vehicle to another. Typically a driver can change a vehicle at few central places where lots of bus lines are crossing or at the depots. But the number of possible changeovers is very large, since a driver can virtually use all vehicles departing at a later time at his actual location or locations nearby. So in our algorithm we have the possibility to generate changeovers dynamically.
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Graph Theoretic Model

start or end of a duty

Vorführender
Präsentationsnotizen
At least we have to mark, where parts of duties are allowed to begin or end. 
This graph show here is simplified. In our model, there are additional nodes representing so called supplementary tasks, which cover sign-on- and sign-off-activities for example after entering or before leaving a vehicle. These tasks may be dependent on their position in the duty. That is some of them are only valid at the begin of a duty or after the first change of a vehicle.  



Duty Scheduling 02.10.2009Ralf Borndörfer 20

Graph Theoretic Model

Vorführender
Präsentationsnotizen
At least we have to mark, where parts of duties are allowed to begin or end. 
This graph show here is simplified. In our model, there are additional nodes representing so called supplementary tasks, which cover sign-on- and sign-off-activities for example after entering or before leaving a vehicle. These tasks may be dependent on their position in the duty. That is some of them are only valid at the begin of a duty or after the first change of a vehicle.  
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Graph Theoretic Model

Vorführender
Präsentationsnotizen
A duty schedule is a set of duties, each one corresponding to a s-t-path in the planning graph. This set has to cover each task, which corresponds to a  timetabled trip. And it must be guaranteed, that a feasible vehicle schedule can be build.
The cost of a duty consists of the cost of its paid time, fix cost dependent on the type of the duty, and penalties for deviations of resource consumptions  from their targets. Possible resources are for example the duty duration or the number of changeovers. 
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Duty Scheduling Graph
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Duty Scheduling Graph
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Graph Theoretic Model

► Extension elements (check in/out, position, ...)
► Links (deadheads, transports, overnights, ...)
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n

Duty Construction Rules (Lengths)

► Feasibility + Costs
► Linear Rules & Penalties
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Duty Construction Rules (Breaks)

Verordnung (EWG) Nr. 3820/85 des Rates vom 20. Dezember 1985 über die Harmonisierung
bestimmter Sozialvorschriften im Straßenverkehr
ABSCHNITT V
Unterbrechungen und Ruhezeit
Artikel 7
(1)  Nach einer Lenkzeit von 4 1/2 Stunden ist eine Unterbrechung von mindestens 45 Minuten 

einzulegen, sofern der Fahrer keine Ruhezeit nimmt.
(2)  Diese Unterbrechung kann durch Unterbrechungen von jeweils mindestens 15 Minuten ersetzt 

werden, die in die Lenkzeit oder unmittelbar nach dieser so einzufügen sind, dass Absatz 1 
eingehalten wird.

(3)  Im Falle des nationalen Personenlinienverkehrs können die Mitgliedstaaten abweichend von Absatz 1 
die Mindestdauer für die Unterbrechung auf nicht weniger als 30 Minuten nach einer Lenkzeit von 
höchstens 4 Stunden festsetzen. Diese Ausnahmeregelung darf nur in Fällen gewährt werden, in 
denen durch Unterbrechungen der Lenkzeit von mehr als 30 Minuten der Stadtverkehr behindert 
würde und in denen es den Fahrern nicht möglich ist, in der Lenkzeit von 4 1/2 Stunden, die der 
Unterbrechung von 30 Minuten vorausgeht, eine Unterbrechung von 15 Minuten einzulegen.

(4)  Der Fahrer darf während dieser Unterbrechungen keine anderen Arbeiten ausführen. Für die 
Anwendung dieses Artikels gelten die Wartezeit und die Nicht-Lenkzeit, die in einem fahrenden 
Fahrzeug, auf einer Fähre oder in einem Zug verbracht werden, nicht als andere Arbeiten.

(5)  Nach diesem Artikel eingelegte Unterbrechungen dürfen nicht als tägliche Ruhezeit betrachtet 
werden.
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Duty Mix Rules

► Per type, depot, geo area, time period, ...
► Legality and cost (per type)

► Linear rules
► Capacities, averages, duty mix
► Automatic penalty calculation

Opt         Σ /3 = 5:00 (Ex.: average)
Max        #          ≤ # (Ex.: duty mix)

Min         #          ≥ 3    (Ex.: min. no.)   
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Integer Programming Model
(Set Partitioning Problem with Base Constraints)

min
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Airline Crew Scheduling

FRA

MUC

TXL



Vorführender
Präsentationsnotizen
So let‘s take a look at the problem.
Airline crew scheduling deals with the construction of shifts of work for aircraft crews, the so-called pairings. Starting point are the flights of an airline, the so-called legs, which are operated by aircraft rotations. The legs in these rotations must be covered by cockpit and cabin crews. Such a crew works by starting in some homebase, doing a number of legs, and returning to the homebase; such a sequence of work is called a pairing. In this example here with three airports, we may, e.g., cover some legs with a Tegel pairing, another one, and a Munich pairing. 
This was simple so far, the complicated part is that there are complex rules for the construction of pairings. E.g., the red pairing here might not have been continued, because the crew needs a break after four flights or has reached ist maximum duty time. Here is an example of such a rule, namely a rule from a law, the 2. DV LuftBO, on something called the maximum flight duty time. You see that there is a general rule, a restriction, a further restriction, and a way to circumvene these restrictions under certain circumstances, and a global constraint of the same type. This looks already ugly, but the legal rules are simple in comparison to company contracts when unions are involved.
So given these rules to construct pairings, the airline crew scheduling problem is to cover the legs with pairings of minimal cost.
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Graph Theoretic Model

Homebases

H H

 8 109 11 12 13 14 15 16 177

Vorführender
Präsentationsnotizen
Now the problem should be clear and we can start modeling.

The first model I will explain is a graph theoretic model to construct the feasible pairings.
Therfore we start with dummy nodes for each homebase. In that example we have only one
Homebase H and therfore two dummies
at the beginning and at the end of the scenario.
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Graph Theoretic Model

Homebases

H H

 8 109 11 12 13 14 15 16 177

Legs

H - A A – H

B - A A – HH - B

Vorführender
Präsentationsnotizen
Now we create one node for each leg of all cosidered aircraft rotations.
These legs hase to be to cover. 
The rotation below are consisting of three flights from H to B to A an back to H.
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Graph Theoretic Model

Homebases

H H

 8 109 11 12 13 14 15 16 177

Legs

H - A A – H

B - A A – H

Links

H - B

Vorführender
Präsentationsnotizen
Because of the locality of the legs and the beginning and end time we are able 
to connect two nodes by one arc, which model that these tasks can be performed consecutively by 
one crew.
And we introduce links or arcs for each possible start or ending of a pairing for all given 
Homebases.
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Graph Theoretic Model

Homebases

H H

 8 109 11 12 13 14 15 16 177

Legs

H - A A – H

B - A A – H

Links Extensions

H - B

Vorführender
Präsentationsnotizen
Extensional elements at the start or at the end of a pairing or a day 
Are completing the graph, for instance to model Check-In or Check-Out times.
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Graph Theoretic Model

Homebases

H H

 8 109 11 12 13 14 15 16 177

Legs/
Deadheads

H - A A – H

B - A A – H

Links Extensions

5/10 5/10 5/10

5/105/10
4

21

33

H - B

Vorführender
Präsentationsnotizen
Clearly all nodes and arcs of that acyclic digraph has several attributes 
Needed for the construction of pairings and needed to evaluate their costs.

For example we assume a cost value of 5 for performing one leg, a cost value of
10 for a deahead and a waiting time penalty of 2 per hour. 
Then we have the following costs on the nodes and arcs of that digraph.

Analogously we can evaluate the rules. For instance a rule that forbids pairings
With more than two legs, then the path below is no feasible pairing.
But in the other direction every feasible pairing is a path from H-H in our digraph model.




Leg/Deadhead  5/10
Waiting time 2 cost penalty per hour
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Airline Crew Scheduling

Zweite Durchführungsverordnung zur Betriebsordnung für Luftfahrtgerät (2. DV LuftBO)
§ 8 Flugdienstzeiten der Besatzungsmitglieder 
(1)   Die uneingeschränkte Flugdienstzeit jedes Besatzungsmitgliedes zwischen zwei Ruhezeiten beträgt 10 Stunden. 

Innerhalb 7 aufeinanderfolgender Tage ist eine viermalige Verlängerung der Flugdienstzeit nach Satz 1 bis 4 Stunden 
zulässig, wobei die Summe der Verlängerungen innerhalb jeweils 7 aufeinanderfolgender Tage 8 Stunden nicht 
überschreiten darf. Der Zeitraum von 7 aufeinanderfolgenden Tagen beginnt jeweils um 00.00 Uhr Mittlere Greenwich 
Zeit (MGZ) des ersten und endet um 24.00 Uhr MGZ des siebten Tages. Bei einem Luftfahrzeugführer, der während der 
Flugzeit nach Satz 1 ganz oder teilweise ohne Unterstützung durch ein weiteres Flugbesatzungsmitglied als 
Luftfahrzeugführer tätig wird, finden die Absätze 2 und 3 keine Anwendung. 

(2)   Bei Flugbesatzungsmitgliedern verringert sich die nach Absatz 1 höchstzulässige Zeitverlängerung von 4 Stunden 1. um 
1 Stunde, wenn der Flugdienst mehr als 2, jedoch weniger als 4 Stunden, 2. um 2 Stunden, wenn der Flugdienst 4 oder 
mehr Stunden zwischen 01.00 Uhr und 07.00 Uhr Ortszeit des Startflugplatzes (Winterzeit) ausgeübt wird. 

(3)   Eine nach Absatz 2 verringerte Zeitverlängerung ist 1. bei mehr als 3, jedoch weniger als 6 Landungen um eine weitere 
Stunde, 2. bei mehr als 5 Landungen um 2 weitere Stunden zu kürzen. 

(4)   Bei einer Verstärkung der vorgeschriebenen Mindestflugbesatzung und bei Vorhandensein geeigneter 
Schlafgelegenheiten in einem von dem Führerraum un der Kabine abgetrennten Raum kann die Aufsichtsbehörde auf 
schriftlichen Antrag ein zweimalige Verlängerung der Flugdienstzeit nach Absatz 1, Satz 1 bis zu 8 Stunden innerhalb 7 
aufeinanderfolgender Tage zulassen. Die mit der Führung und Bedienung des Luftfahrtzeugs verbrachte Zeit jedes 
Flugbesatzungsmitglieds darf hierbei 12 Stunden nicht überschreiten. Für die Flugbegleiter sind angemessene 
Arbeitspausen während des Fluges vorzusehen. Für diesen Zweck sind Ruhesitze vorzuhalten. Im übrigen gilt § 12 
Absatz 3 entsprechend. 

(5)   Die Flugdienstzeiten dürfen innerhalb von 30 aufeinanderfolgenden Tagen 210 Stunden, innerhalb eines Kalenderjahres 
1800 Stunden nicht überschreiten. 

Vorführender
Präsentationsnotizen
So let‘s take a look at the problem.
Airline crew scheduling deals with the construction of shifts of work for aircraft crews, the so-called pairings. Starting point are the flights of an airline, the so-called legs, which are operated by aircraft rotations. The legs in these rotations must be covered by cockpit and cabin crews. Such a crew works by starting in some homebase, doing a number of legs, and returning to the homebase; such a sequence of work is called a pairing. In this example here with three airports, we may, e.g., cover some legs with a Tegel pairing, another one, and a Munich pairing. 
This was simple so far, the complicated part is that there are complex rules for the construction of pairings. E.g., the red pairing here might not have been continued, because the crew needs a break after four flights or has reached ist maximum duty time. Here is an example of such a rule, namely a rule from a law, the 2. DV LuftBO, on something called the maximum flight duty time. You see that there is a general rule, a restriction, a further restriction, and a way to circumvene these restrictions under certain circumstances, and a global constraint of the same type. This looks already ugly, but the legal rules are simple in comparison to company contracts when unions are involved.
So given these rules to construct pairings, the airline crew scheduling problem is to cover the legs with pairings of minimal cost.
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Base Constraints

► Total no. of pairings starting from a base
► Total no. of pairings starting from a base at each day
► Etc.
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Scheduling Graph

► Duty Scheduling in Public Transit ► Airline Crew Scheduling
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Integer Programming Model
(Set Partitioning Problem with Base Constraints)
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Graph Theoretic Model

► Rules: Time Windows
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Integer Programming Model
(Set Partitioning Problem with Base Constraints)
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All 48 Tours
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All 48 Tours
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Integer Programming Model
(Set Partitioning Problem)

Minimize 

obj: 

14 x0 + 14 x1 + 14 x2 + 14 x3 + 14 x4 + 14 x5 + 16 x6 + 21 x7 + 22 x8 + 28 x9 +29 x10+22 x11+ 21 x12

+ 29 x13+ 28 x14+ 16 x15+ 21 x16+ 22 x17+ 22 x18+ 21 x19+ 16 x20+23 x21+ 23 x22+30 x23+ 30 x24+ 23 x25

+ 28 x26+ 29 x27+ 30 x28+ 29 x29+ 30 x30+23 x31+ 29 x32+30 x33+ 29 x34+ 28 x35+ 30 x36+ 23 x37+ 23 x38

+ 25 x39+ 30 x40+ 31 x41+ 31 x42+ 30 x43+ 32 x44+ 30 x45+ 31 x46+ 31 x47+ 30 x48 

Subject To 

C0:  x0 + x6 + x7 + x8 + x9 + x10 + x21 + x22 + x23 + x24 + x25 + x26 + x27 

+ x28 + x29 + x30 + x39 + x40 + x41 + x42 + x43 + x44 + x45 + x46 = 1 

C1:  x1 + x6 + x11 + x12 + x13 + x14 + x21 + x22 + x23 + x24 + x31 + x32 + x33 

+ x34 + x35 + x36 + x39 + x40 + x41 + x42 + x43 + x44 + x47 + x48 = 1 

C2:  x2 + x7 + x11 + x15 + x16 + x17 + x21 + x25 + x26 + x27 + x31 

+ x32 + x33 + x37 + x39 + x40 + x41 + x45 + x47 = 1 

C3:  x3 + x8 + x12 + x15 + x18 + x19 + x22 + x25 + x28 + x29 + x31 

+ x34 + x35 + x38 + x39 + x42 + x43 + x46 + x48 = 1 

C4:  x4 + x9 + x13 + x16 + x18 + x20 + x23 + x26 + x28 + x30 + x32 

+ x34 + x36 + x37 + x38 + x40 + x42 + x44 + x45 + x46 + x47 + x48 = 1 

C5:  x5 + x10 + x14 + x17 + x19 + x20 + x24 + x27 + x29 + x30 + x33 

+ x35 + x36 + x37 + x38 + x41 + x43 + x44 + x45 + x46 + x47 + x48 = 1 

Binaries 

x0 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x13 x14 x15 x16 x17 x18 x19 x20 x21 x22 x23 x24 x25 

x26 x27 x28 x29 x30 x31 x32 x33 x34 x35 x36 x37 x38 x39 x40 x41 x42 x43 x44 x45 x46 x47 x48 

End
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Crew Scheduling Problem

► Rules: Flight time ≤ 7 h, connections ≤ 3 h

► Costs: 2 + working time

H

A

B

8 109 11 12 13 14 15 16 177




Duty Scheduling 02.10.2009Ralf Borndörfer 48

Crew Scheduling Problem

H

A

B

8 109 11 12 13 14 15 16 177


2+3+3+1=9 2+1+1+1=5

► Rules: Flight time ≤ 7 h, connections ≤ 3 h

► Costs: 2 + working time
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Graph Theoretic Model

H

A

B

8 109 11 12 13 14 15 16 177


3

3´ 4

4´ 5

5´ 6
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2´1

1´ 2

0 7

(0,2)

(0,2)

(0,2)

(0,2)
(0,2)

(3,3) (0,0)

(0,3)

(3,3)

(0,2)

► Rules: Flight time ≤ 7 h, connections ≤ 3 h

► Costs: 2 + working time
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Graph Theoretic Model

► (Time, Cost)
► Pairing = 0→7 path of length ≤ 7 h
► Schedule = Path cover
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Graph Theoretic Model

► (Time, Cost)
► Pairing = 0→7 path of length ≤ 7 h
► Schedule = Path cover
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Path Covering Problems

► Definition: Path Covering Problem (PCP)
► Input: Acyclic Digraph D=(V,A) with source s, sink t, integer lengths zij and 

costs cij for all arcs ij and an integer bound L. 
► Output: A set {P1,...,Pk} of (s,t)-paths of length ≤ L, such that every node 

except s and t is contained in exactly one path and the such that total cost 
of the paths is minimal.

► Observation: Crew scheduling problems are path covering problems 
(with additional constraints for individual paths and for the path mix).

► Proposition: Path covering problems are NP-hard (already for one 
length restricted path).



Duty Scheduling 02.10.2009Ralf Borndörfer 53

Set Partitioning Model

A

B

C

1 2 3 4 5 6

no 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37

c 5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9
1 1 1 1 1 1 1 1 1 1 1 1

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
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Set Partitioning Model

min 5x1+5x2+...+12x36+9x37

s.t. x1+x7+x8+x19+x20+x21+x22+x29+x30+x31+x36=1
x2+x7+x9+x10+x11+x12+x19+x20+x21+x22+x23+x24+x25+x32+x33+x34+x37=1
x3+x8+x9+x13+x14+x15+x19+x23+x24+x25+x26+x27+x29+x30+x32+x33+x35+x36+x37=1
x4+x10+x13+x16+x17+x20+x23+x26+x27+x28+x29+x30+x31+x32+x33+x34+x35+x36+x37=1
x5+x11+x14+x16+x18+x21+x24+x26+x28+x29+x31+x32+x34+x35+x36+x37=1
x6+x12+x15+x17+x18+x22+x25+x27+x28+x30+x31+x33+x34+x35+x36+x37=1
x1,...,x37  0
x1,...,x37 integer

no 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37

5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9
1 1 1 1 1 1 1 1 1 1 1 1 1

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

x
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0
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0
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2
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3
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6
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0
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1
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3
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Set Partitioning Model

min 5x1+5x2+...+12x36+9x37

x1+x7+x8+x19+x20+x21+x22+x29+x30+x31+x36=1

x2+x7+x9+x10+x11+x12+x19+x20+x21+x22+x23+x24+x25+x32+x33+x34+x37=1

x3+x8+x9+x13+x14+x15+x19+x23+x24+x25+x26+x27+x29+x30+x32+x33+x35+x36+x37=1
x4+x10+x13+x16+x17+x20+x23+x26+x27+x28+x29+x30+x31+x32+x33+x34+x35+x36+x37=1
x5+x11+x14+x16+x18+x21+x24+x26+x28+x29+x31+x32+x34+x35+x36+x37=1
x6+x12+x15+x17+x18+x22+x25+x27+x28+x30+x31+x33+x34+x35+x36+x37=1
0 ≤ x1,...,x37 ≤ 1
x1,...,x37 integer

⇔ min Σcjxj,   Σj=1,...,n aijxj = 1,    i=1,...,m,    0 ≤ xj ≤ 1,    xj integer

⇔ min cTx,      Ax = 1,                                0 ≤ x ≤ 1,    x integer

no 5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9 !
1 1 1 1 1 1 1 1 1 1 1 1 1

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
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► Definition: A Set Partitioning Problem (SPP) is an integer program 
of the form

min cTx,  Ax = 1,  0 ≤ x ≤ 1,  x integer

where A is a 0/1-matrix.

Set Partitioning Model

no 5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9 !
1 1 1 1 1 1 1 1 1 1 1 1 1

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
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Set Partitioning 1956-1998

article Rows Columns time

Charnes & Miller 1956 6 17 manual

Hoffman & Padberg 1993 145 1,053,137 5 min

Bixby, Gregory, Lustig, Marsten, 
Shanno 1992 837 12,753,313 249 sec

Barnhart, Johnson, Nemhauser, 
Savelsbergh, Vance 1998 O(104) ??? ? hours
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Outline

► Introduction
► Crew Scheduling Models

► Freight Train Scheduling
► Duty Scheduling in Public Transit
► Airline Crew Scheduling
► Telebus

► Path Covering and Set Partitioning
► Column Generation
► Results
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Mathematical Model

Column Generation Method
(Branch-and-Generate, Marsten 1994)

begin

Branch

Solve Crew Scheduling Problem (IP)

Solve Crew
Scheduling

Problem (LP)

Stop?

All fixed? end

YesNo

Yes
No

Generate
Pairings

Compute
Prices

Fix
Pairings

Solve Crew Scheduling Problem (IP)

Solve Crew
Scheduling

Problem (LP)

Stop?

All fixed? end

YesNo

Yes
No

Generate
Pairings

Compute
Prices

Fix
Pairings
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Column Generation Method

1 2 3 4 5 6 7 8 9

6 7 8 9

5 7 8 9

4 7 8 9

3 8

2 7

1 8

1 2 3 4 5 6 7 8 9

1 2 3 4 5 6 7 8 9
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x x x x 1

x x x x 1
x x x x 1
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x x 1

x x 1
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Column Generation Method

► Primal LP

1 2 3 4 5 6 7 8 9

6 7 8 9

5 7 8 9

4 7 8 9

3 8

2 7

1 8

1 2 3 4 5 6 7 8 9

5x 5x 3x 3x 3x 3x 9x 12x 5x min
x x x x 1

x x x x 1
x x x x 1

x x 1
x x 1

x x 1
x , x , x , x , x , x , x , x , x 0

+ + + + + + + + →
+ + + =
+ + + =
+ + + =

+ =
+ =

+ =
≥
















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Column Generation Method

► Dual LP
1

2

3

4

5

6

2 4 5 6

1 3 4

1 2

4 5

5 6

1 4

3

3

6

2 5

p 5
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p 3
p 3

p 3
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p p p p 9
p p p p p 12

p p p p

p p
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p 9
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p

m x

p p 5
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≤
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≤
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≤
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Crew Scheduling Algorithm

0

1´1

2´2

3´3

4´4

5´5

6´6

7

(0,3)

(3,3)

(0,2)

(0,0)

(0,3)

(3,3)

(1,1)

(1,1)

(1,1)

(1,1)

(0,2)(0,1)

(0,1)

(0,2)

(0,2)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,2)

(0,2)

(0,2)

(0,2)

(0,0)
(0,0)

(0,0)
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Crew Scheduling Algorithm

0

1´1

2´2

3´3

4´4

5´5

6´6

7

(0,3)

(3,3)

(0,2)

(0,0)

(0,3)

(3,3)

(1,1)

(1,1)

(1,1)

(1,1)

(0,2)(0,1)

(0,1)

(0,2)

(0,2)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,2)

(0,2)

(0,2)

(0,2)

(0,0)
(0,0)

(0,0)

► “Tripper” solution cost = 22
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Crew Scheduling Algorithm

(0,3)

(3,3)

(0,2)

(0,0)

(0,3)

(3,3)

(1,1)

(1,1)

(1,1)

(1,1)

(0,2)(0,1)

(0,1)

(0,2)

(0,2)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,2)

(0,2)

(0,2)

(0,2)

(0,0)
(0,0)

(0,0)

► “Tripper” solution cost = 22
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Crew Scheduling Algorithm

► x1=x2=x3=x4=x5=x6=1, cost 2*5+4*3=22
► y1=5

y2=5
y3=3
y4=3
y5=3
y6=3

no 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37

c 5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9 y
1 1 1 1 1 1 1 1 1 1 1 1 5

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3

x 1 1 1 1 1 1
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Crew Scheduling Algorithm

5

5

3

3

3

3

(0,3)

(3,3)

(0,2)

(0,0)

(0,3)

(3,3)

(1,1)

(1,1)

(1,1)

(1,1)

(0,2)(0,1)

(0,1)

(0,2)

(0,2)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,2)

(0,2)

(0,2)

(0,2)

(0,0)
(0,0)

(0,0)

► Leg prices
► “Tripper” solution cost = 22
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Crew Scheduling Algorithm

5

5

3

3

3

3

(0,3)

(3,3)

(0,2)

(0,0)

(0,3)

(3,3)

(1,1)

(1,1)

(1,1)

(1,1)

(0,2)(0,1)

(0,1)

(0,2)

(0,2)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,2)

(0,2)

(0,2)

(0,2)

(0,0)
(0,0)

(0,0)

► Improving pairing: Cost < Price
► Here: 9 < 13
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Crew Scheduling Algorithm

-5

-5

-3

-3

-3

-3

(0,3)

(3,3)

(0,2)

(0,0)

(0,3)

(3,3)

(1,1)

(1,1)

(1,1)

(1,1)

(0,2)(0,1)

(0,1)

(0,2)

(0,2)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,2)

(0,2)

(0,2)

(0,2)

(0,0)
(0,0)

(0,0)

► Improving pairing: Cost – Price < 0
► Here: 9 – 13 = -4 < 0

p 5 5 3 3 3 3
n 0 1 1' 2 2' 3 3' 4 4' 5 5' 6 6' 7
0 0 2 2 2 2 2 2
1 0 0 0 0 0 0 0 0
2 -2 -2 -2 -2 -2 -2
3 0 0 0 0 1 2 -4 -4 -4 -4
4 -2 -2 -1 -1 0 0 -6 -6
5 -4 -4 -3 -3 -2 -4
6 -2 -2 -1 0 -6 -6 -5 -6
7 -4 -4 -3 -3 -2 -2 -8 -8
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Crew Scheduling Algorithm

(0,3)

(3,3)

(0,2)

(0,0)

(0,3)

(3,3)

(1,1)

(1,1)

(1,1)

(1,1)

(0,2)(0,1)

(0,1)

(0,2)
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(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,2)

(0,2)

(0,2)

(0,2)

(0,0)
(0,0)

(0,0)

► “Tripper” solution cost = 22
► Improving pairing: Cost – Price = 9 – 13 = -4 < 0
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Crew Scheduling Algorithm

(0,3)

(3,3)

(0,2)

(0,0)

(0,3)

(3,3)

(1,1)

(1,1)

(1,1)

(1,1)

(0,2)(0,1)

(0,1)

(0,2)

(0,2)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,2)

(0,2)

(0,2)

(0,2)

(0,0)
(0,0)

(0,0)

► New solution cost = 22 – 4 = 18
► Improving pairing: Cost – Price = 9 – 13 = -4 < 0
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Crew Scheduling Algorithm

(0,3)

(3,3)

(0,2)

(0,0)

(0,3)

(3,3)

(1,1)

(1,1)

(1,1)

(1,1)

(0,2)(0,1)

(0,1)

(0,2)

(0,2)

(0,0)

(0,0)
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(0,0)
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► Leg prices
► Current solution cost = 18
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Spaltenerzeugung

► x1=x2=x3=0, x4=x5=x6= x19=1, cost 9+3*3=18 [22]
► y1+y2+y3=11
► y1=1 

y2=5
y3 =3
y4=3
y5=3
y6=3

► Other solutions possible

no 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37

c 5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9 y
1 1 1 1 1 1 1 1 1 1 1 1 1

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3

x 1 1 1 1
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Crew Scheduling Algorithm

1

5

3

3

3

3

(0,3)

(3,3)

(0,2)
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(0,2)(0,1)

(0,1)

(0,2)

(0,2)

(0,0)
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5

3

1 2 3

2

6

1

4

p 5
p 5

p 3
p

p 3

p

p

9

3

p
3

p
=

+

≤
≤

+

=

≤

=

=

► Leg prices
► Current solution cost = 18
► Improving pairing: Cost – Price < 0
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Crew Scheduling Algorithm
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(0,0)

► Leg prices
► Current solution cost = 18
► Improving pairing: Cost – Price < 0
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Crew Scheduling Algorithm

-1
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-3

-3
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(0,0)
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(0,0)

► Improving pairing: Cost – Price < 0
► Here: 9 – 14 = -5 < 0

p 1 5 3 3 3 3
n 0 1 1' 2 2' 3 3' 4 4' 5 5' 6 6' 7
0 0 2 2 2 2 2 2
1 0 0 0 0 0 0 0 0
2 -2 -2 -2 -2 -2 -2
3 4 4 0 0 1 2 -4 -4 -4 -4
4 -2 -2 -1 -1 0 0 -6 -6
5 -4 -4 -3 -3 -2 -4
6 2 2 3 4 -6 -6 -5 -6
7 0 0 1 1 2 2 -8 -8
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Crew Scheduling Algorithm

-1
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(0,0)

► Improving pairing: Cost – Price < 0
► Here: 12 - 13 = -1 < 0

p 1 5 3 3 3 3
n 0 1 1' 2 2' 3 3' 4 4' 5 5' 6 6' 7
0 0 2 2 2 2 2 2
1 0 0 0 0 0 0 0 0
2 -2 -2 -2 -2 -2 -2
3 4 4 0 0 1 2 -4 -4 -4 -4
4 -2 -2 -1 -1 0 0 -6 -6
5 -4 -4 -3 -3 -2 -4
6 2 2 3 4 -6 -6 -5 -6
7 0 0 1 1 2 2 -8 -8
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Crew Scheduling Algorithm
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(0,2)

(0,0)
(0,0)

(0,0)

► Take all pairings 0.5 pimes
► New “fractional” solution cost = 18 – 5/2 – 1/2 = 15
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Spaltenerzeugung

► x34= x34= x19= 1/2, cost (9+9+12)/2=15 [18]
► y1+y2+y3=9

y2+y4+y5+y6 =9 
y1+y3+y4+y5+y5=12  
⇒ y1=5, y2 = y4 = y5 = 3, y3= 1, y6= 0

no 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37
c 5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9 y
1 1 1 1 1 1 1 1 1 1 1 1 5
2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3
6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0

x ½ ½ ½
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Crew Scheduling Algorithm
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► Leg prices
► Current solution cost = 15
► Improving pairing: Cost – Price < 0
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Crew Scheduling Algorithm
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► Improving pairing: Cost – Price < 0
► Here: 5 – 6 = -1 < 0

p 5 3 1 3 3 0
n 0 1 1' 2 2' 3 3' 4 4' 5 5' 6 6' 7
0 0 2 2 2 2 2 2
1 2 2 0 0 0 0 3 0
2 0 0 -2 -2 1 -2
3 0 0 2 2 3 4 -2 -2 -1 -2
4 2 2 1 1 2 2 -1 -1
5 0 0 -1 -1 3 -1
6 0 0 1 2 -2 -2 0 -2
7 0 0 -1 -1 0 0 -1 -1
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Crew Scheduling Algorithm
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► New solution cost = 15 – 1 = 14
► Improving pairing: Cost – Price = 5 – 6 = -1 < 0
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Spaltenerzeugung

► x19= x28= 1, cost 9+5=14 [15]
► y1+y2+y3=9

y4+y5+y6 =5 ⇒ y1= 5, y2= 3, y3= y6= 1, y4= y5 = 2
► Prices buy all duties
► Duality theorem (or simplex criterion) ⇒ x* and y* are optimal

no 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37

c 5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9 y
1 1 1 1 1 1 1 1 1 1 1 1 5

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 2

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 2

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

x 1 1
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Crew Scheduling Algorithm
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► Leg prices
► Current solution cost = 14
► Improving pairing: Cost – Price < 0
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Crew Scheduling Algorithm
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p 5 3 1 2 2 1
n 0 1 1' 2 2' 3 3' 4 4' 5 5' 6 6' 7
0 0 2 2 2 2 2 2
1 2 2 1 1 1 1 2 1
2 1 1 0 0 1 0
3 0 0 2 2 3 4 0 0 0 0
4 2 2 2 2 3 3 0 0
5 1 1 1 1 3 1
6 0 0 1 2 0 0 1 0
7 0 0 0 0 1 1 0 0

► Improving pairing: Cost – Price < 0
► Here: None => Optimal
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Constrained Shortest Path Problem

► Definition: Length-constrained acyclic shortest path problem (CSP)
► Input: Acyclic Digraph D=(V,A) with source s, sink t, integer lengths zij and 

costs cij for all arcs ij and an integer bound L. 
► Output: An (s,t)-path with length ≤ L with minimal, possibly negative, 

costs.

► Observation: The problem to construct an improving pairing is a 
length-constrained acyclic shortest path problem.

► Theorem (Desrochers): The CSP is NP-hard.
► Theorem: The CSP can be solved in pseudo-polynomial time by 

dynamic programming.
► Theorem (Warburton, Hassin): There are FPAS for the CSP.
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Further Issues

► LP-relaxation
► Simplex, barrier, bundle, subgradient, coordinate ascent, ...
► Stabilization, aggregation, ...

► Constrained shortest paths
► Dynamic programming, multilabeling, approximation, targeted search, k-shortest-

paths, ...

► Primal heuristics
► BANG, rapid braching, next availables, probabilistic rounding, static SPP, ...

► Branching
► Ryan & Foster rule, ...

► Integration
► Vehicle & crew, multiple crews, multiple periods, pairings & rosters, ...
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Outline

► Introduction
► Crew Scheduling Models

► Freight Train Scheduling
► Duty Scheduling in Public Transit
► Airline Crew Scheduling
► Telebus

► Path Covering and Set Partitioning
► Column Generation
► Results
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Stadtwerke Bonn

► The company (bus department)
► 200 buses
► 280 drivers
► 1 depot

► Vehicle- and duty optimization
(using VS-OPT and DS-OPT in Microbus 2)
► 01.01.2000: Measuring the driving times of all lines
► 01.01.2001: Optimization runs
► 30.06.2001: Production schedule, case studies
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DienstplanoptimierungDienstoptimierung mit MICROBUS 2

26.02.2002 4Heiko Klotzbücher

Erzielte Einsparungen durch die Dienstoptimierung:

Im Busbereich konnten an einem Werktag bei einer Gesamtzahl 
von ca. 280 Diensten 12 Dienste eingespart werden.

Im Bahnbereich konnten an einem Werktag bei einer Gesamtzahl
von ca. 120 Diensten 3 Dienste eingespart werden werden.  

Slide of SWB
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FazitOptimierungen mit MICROBUS 2

26.02.2002 4Heiko Klotzbücher

Fazit:

Einsparziele durch die Optimierungen wurden voll erfüllt.

Durch die vollständige Verplanung aller Dienststücke ist der
manuelle Bearbeitungsaufwand - nach anfänglichem Mehraufwand
durch Eingabe der Grunddaten - drastisch gesunken, so dass zu
einem Fahrplanwechsel z.B. dem BR mehrere kostengünstige
Varianten zur Auswahl vorgelegt werden können.

Der Betrieb wird in die Lage versetzt, mehrere Varianten z.B. zur
Kalkulation von zukünftigen Aufträgen zu erstellen.

In Bonn wird z.Z. über die Verlagerung eines Busbetriebshofes
nachgedacht. Mit der Umlauf- und Dienstplanoptimierung wurden
wir in die Lage versetzt, die Kosten durch mehr Ein- und Aussetz-
kilometer bzw. -zeiten schnell und relativ genau zu ermitteln.

Slide of SWB
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Verkehrsges. Ennepe-Ruhr

► 105 buses
► 200 drivers
► 42 lines
► 1 depots
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Ausgangslage

Die Grundlage

 über Jahre hinweg nur einzeln angepasste Dienste

 in der Regel Umlauf = Dienst

 viele geteilte Dienste

 viele Kurzdienste (teilweise unter einer Stunde)

 viele Dienste mit geringer Dauer unter 6 Std

PT-Anwenderforum 2003
Dienstplanoptimierung - Erfahrungsbericht der VER

Verkehrsgesellschaft Ennepe-Ruhr mbH Folie 5

Rainer Danz

Slide of VER
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Vergleich alter und neuer DienstplanPT-Anwenderforum 2003
Dienstplanoptimierung - Erfahrungsbericht der VER

Verkehrsgesellschaft Ennepe-Ruhr mbH Folie ´12

Vergleich alter und neuer Dienstplan
Di (S), Sa und So Anzahl der Dienste
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Slide of VER
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Vergleich ZeitenPT-Anwenderforum 2003
Dienstplanoptimierung - Erfahrungsbericht der VER

Verkehrsgesellschaft Ennepe-Ruhr mbH Folie 13

Vergleich Di (S) - Zeiten
Vergleich Di (S)

813:24

1227:01

1090:30

16:36

94:01

7:30

813:24

1228:05

1025:25

31:28

42:57

71:57

Lenkzeit

Dienstdauer

bezahlte Zeit

Wegezeit

bezahlte Pause

unbezahlte Pause

Alt
Optimiert

Slide of VER
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Optimierungsprojekt ESWE Wiesbaden Ergebnisse

Dienst-
art Summe Summe

Analyse ZUS 218 1684:00 7:43 1684:00 7:43
GET 59 460:29 7:48 460:29 7:48

KURZ 6 7:59 1:19 7:59 1:19
Summe 283 2152:28 7:36 2152:28 7:36

Szenario 1 ZUS 222 1660:21 7:28 1689:21 7:36
wie Analyse,aber GET 57 461:44 8:06 463:14 8:07
Abzug 1x30 KURZ 4 3:36 0:54 3:36 0:54

Summe 283 2125:41 7:30 2156:11 7:37
Szenario 2 ZUS 173 1470:47 8:30 1470:47 8:30
wie Analyse,aber GET 76 (40)* 659:06 8:40 659:06 8:40
GET bis 19:00 KURZ 4 4:32 1:08 4:32 1:08

Summe 253 2134:25 8:26 2134:25 8:26
Szenario 3 ZUS 193 1610:46 8:20 1634:16 8:28
Abzug 1x30 GET 58 (38)* 503:36 8:40 504:36 8:42
GET bis 19:00 KURZ 0

Summe 251 2114:22 8:25 2138:52 8:31
Szenario 4 ZUS 175 1510:34 8:37 1534:34 8:46
Abzug 1x30 GET 67 (36)* 602:36 8:59 605:06 9:01
GET bis 20:00 KURZ 0

Summe 242 2113:10 8:43 2139:40 8:50
* Anteil der geteilten Dienste mit Dienstende nach 18:00 Uhr

Dienst-
anzahl 

Dienstdauer
Mittel

bezahlte Zeit
Mittel

Slide of ESWE
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Thank you for your attention.
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